PARTIAL DIFFERENTIATION
(MAT 204)

To partially differentiate a function of several variables we hold all the other
variables as constants while we differentiate with respect to the selected
variable. So if z = f(x, y) and we want the partial derivative of z with respect

to X, we would regard y as a constant and differentiate z with repect to x,

that is, g_)z( Different notations are used to show this partial derivative:

3f (x,y) 5z

fo,—— z,, —
OX OX

Examples:
f(x,y)=x+y? Findf andf,
f, = %(x + yZ) =1+0=1 (y is considered a constant)

f, = %(x +y? ) =0+2y=2y (xisconsidered a constant)

z="F(x,y)=xy’
0z o 2 2 . .
S S—X(xy )=y? (yis considered a constant)
g—; = %(xy2 )=2xy (xis considered a constant)
X
f(x,y)=—
(xy)=
f, = 1(5] _1 (y is considered a constant)
ox\y) vy
)

f, = —(5] = —12 (x is considered a constant)
oy\y y
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What does a partial derivative mean? If you have a surface z = f(x, y),
the partial derivative gives the slope of the surface in the x-direction and the

y-direction at a given point (X, Y,,Z, ).

Example: What is the slope of the surface
z=F(x,y)=3x—-x%y* +2x°y at the point (1,2,3)?

f, =3-2xy* +6x%y; f, =-2x’y +2x°
at (1,2) we havef, =7 f, =-2

The slope of the surface at the point (1, 2, 3) in the x-direction is 7,
while the slope in the y-direction is -2.
Higher-Order Partial Derivatives:

If z=1(x,y) and f, and f, are the first order partial derivatives, then the second order

partial derivatives are f,,.f, , f, , f,, where

XX ! yyl Xy’

RPN D
ek Y §y?

Bt s (s, 515 on)
dx?  dx(6x)" 8ydx dyl dx

Notice that f,, means that we get f, firstand then we differentiate with

f

respect to y.
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Example: Find all first and second order derivatives if

f(x,y)=4x®-3xy? + ye*

f, =12x* —3y® + y&*
f, =—6yx+¢*
fo =24x+ye* f, =-6X

f, =—6y+¢* f, =—6y+¢g*

xy — yx T

Note that if f,,f ., , and f,, are all continuous, then f,, =f

X1y iXxy! yx*

Exercises: Find all first and second order derivatives

1.f(x,y)=sin(3x+2y)
2.T(x,y) =X’y
3.f(x,y)=xIn(x* +y?)
4.f(x,y)=g"cosy
5.f(x,y,z)=¢""

ANsSwers:

1. f, =3cos(3x +2y) f, = 2cos(3x + 2y)
fo =—9sin(3x +2y) f,, =—4sin(3x+2y)
f, =T, =—6sin(3x +2y)

Xy

2. f, =2xeX " f =¥
fo =2(2¢° +1)e™  f, =g

_f _ x2+y
fy =fx =2xe
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2X?

2 2

Cf :In(x2+y2)+X fy

_ 2y
x2+y?
_2y°-2x%y ¢
(x2 +y? )2
_2x° +6xy’
(x2 +y2)2
_ 2 —2xy?
(x2 +y2)2

f

y

Xy yX

XX

yy

. T, =¢*cosy f, =—¢’siny
fx =€‘cosy  f, =—€*cosy
f,y =fx =—€'siny

. f, =yze™*

fo =Y2°6 £,

foy =(Xy22 +2)e%" f,, =(xy’z+y)e™” f,, =(x’yz+x)e”

f, =xze™  f, =xye™

— Xzzzgxyz fzz — X2y28xyz
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