Parametric Equations
Sometimes an equation in two variables, say x and y, can be changed into two
equations where the variable x and y are expressed in terms of a third variable,
say t. These new equations are called parametric equations and the parameter is t.
For example, suppose y = 5x — 2. If we let x =t, then y = 5t — 2. We could have
said, “Let x = (t + 2/5)”, then y would equal 5t. This shows that an equation can
have more than one parametric representation, or that the parametric representation
of an equation is not unique.
To graph an equation in parametric form we do exactly as we did with equations in
two variables: we give values to the parameter and compute the corresponding
values of x and y.

For example: x =t y=>5t—2. We set up a table as follows:

t= 0 1 2 3
X = 0 1 2 3
y= -2 3 8 13

Then we graph the values of x and y to see what the curve looks like. If on

the curve for each (x, y) we put the corresponding value of t, and then we see in
what direction the curve is going as t increases, we are talking about the orientation
of the curve. It could be from right to left, counterclockwise, clockwise, up and

down, etc. We have to be careful and make sure that any restrictions on the
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domain of t are transferred to those of x and y, that is, if a value of t is not in the

domain of t, we can’t use that value to compute x or y.

If x= ﬁ , we see that t can never be greater than 2 nor can it equal 2.
2t

Sometimes we are asked to eliminate the parameter in order to get back to the

equation in x and y only. Depending on the parametric equations this could be

easy or difficult.

Example: Eliminate the parameter fromx =3t—1andy =2t + 1
From the first equation we get t = (x + 1)/3. Substitute this value for t in the

second equation and we gety =2(x +1)/3 + 1 or 3y =2x + 5.

Example: Suppose x =4 + 2cos t and y = -1 + 2sin t and we need to eliminate the
parameter t. From the first equation we get cos t = (x — 4)/2 and from the second,

sint=(y + 1)/2. We now make use of the trigonometric identity

_4 2 1 2
(sint)2 +(cost)2 =1 and write (x 2 ) + (yz ) =1, which reduces to the equation

(x— 4)2 +(y+ 1)2 =4 which we recognize as the equation of a circle whose center is

at (4, -1) and whose radius is equal to 2.
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Some operations and formulas in calculus are based on equations of the form
y =1(x). When y and x are given as parametric equations the operations and

formulas change. Take derivatives for example:

dy
For first derivatives % = dt.
dx dx
dt
Example: x=¢ y=¢-4
= Y 32 4
dt dt

dx dt dx 2t 2t
d(dy) 3,2
2 by
For second derivatives 2 - dirdy/ 2 t =i+i3
dx dx 2t 4t ot
dt
d(d ZYJ 3 3
. . S, di\dx?) g2 4 —
For third derivatives d - YA :_33_15
dx dx 2t 8> 2t

dt
Other formulas which change when x and y are given as parametric equations are

Arc Length

o} (2] +(2)'a
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Area of Surface of Revolution

x = f{(t) y=g(t) on a<t<b

Revolution about the x-axis g(t) >0

=25 a0 &) <[]

Revolution about the y-axis f(t) >0

=210 &) +(&]

Example of Arc Length:
x=e" cos(t) y=e " sin(r) 0<t< g
d —t —t - ¢ .
d—); =—¢ ' cos(t) — e sin(t) = —e (cos(t) + sm(t))
dy . » » .
= sin(7)+ e~ cos(t) = e (cos(t) - sm(t))
2
[%) = (0052 (1) +2cos(t)sin(¢) + sin’ (t)) = (1 +2 cos(?) sin(t))
(%) = (cos2 (1) —2cos(t)sin(¢) + sin® (t)) =e (1 —2cos(?) sin(t))
2 2
4.
dt dt

$= [2VZe = 2] = _ﬁ{ez” . } _ \/5(1 _ j
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Example of Area of Surface of Revolution:

x=acos’@ y=asin’@ 0<0<r

ax _ 3acos® Osin @ P _ 3asin® @cosd
do do

)’ dy ? 2 402 2 . 4 2
—| +|—] =9a” cos” Osin" @+9a” sin” Ocos” &
do de

=9a’ cos’ @sin’
2 2
(ﬁ) + (d_yj = 3acosfsinf
dé de

Note that this square root must be positive. The limits of integration are from zero

to . In the second quadrant the cosine is negative. Since the curve is symmetric

with respect to the y-axis, we can integrate between zero and n/2, and then

multiply by 2.

S= 271J?asin3 0-3acosOsin0-dd

6ma’
5

6ma’

= 6nazjfsin4 0-cosO-do = sin’ 6]05 =

12 77a*

Multiplying by 2 we get the area to be s
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Exercises:

(1) a, b are positive numbers. Given the parametric equations

x =acost, y=bsint

What is the curve in rectangular coordinates?

(2) Find the area of the surface generated by revolving the curve given by

x=t and y=t+2, 1<t<2 about the y-axis.

(3) Find the arc length of the curve given by x =t* and y =4t’ — 1 on the

iterval — 1 <t<1

&y
dx?

(4) Find j_z and
a. x=2-1 y=t>+2
b. x =2sin0 y=1+tan0
C. Xx=0-sin’0 y=0-cos’0
(5) Eliminate the parameter t

x=t"+3t y=t+1

Answers:

(1) S+L =1 (2) 2—“7(145%—10\/5)

_ 3
(4) a.i; 14 b, X e; (iJsec“GtanB
3t 18t 2 4

(5) X=y +y-2

(3) 2—17{373 _1}

1+sin20  4cos20

- 1-sin20" (1-5in20)’
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