L'Hopital’'s Rule

Finding the limit of the quotient of two functions [f(x)/g(x)] as the independent variable
approaches a certain value C can be difficult if direct substitution of the value ¢ produces an
indeterminate form.

. o0 —00 o0 —00
Indeterminant forms are: 1% group: - - - =
0 0 —o0 —0
2" group:  0ew  Qe—oo 17 0° o  oo—oo

Indeterminant forms do not guarantee a limit exists, or what it may be if it did exist.

Some forms that look similar are actually determinant:

limit
00 4 00 — 00
—00 — 00 — —o0
0~ — 0
0™ —

If you find one of these forms on initial substitution, you're done! (For example, substitution of
zero in lim x"* yields 0” = 0.)

x—0"

L'Hopital's Rule states that if the limit of f(x)/g(x) as x approaches ¢ produces one of the
indeterminant forms in the 1** group above, then you can take the derivatives of the top and the
bottom functions (separately) and see if that fixes the problem. In other words:

limm = limﬁ
X—>c g(X) xoc g (X)
You can use the rule multiple times, provided you start with one of the 1* group forms each time.

If you get an indeterminant form of the 2™ group, you need to manipulate it to get a 1% group
form. So check the form you have first (before taking the derivatives) — make sure it's legal.

X

For example: lim © produces the indeterminant form % and the rule applies,

x—0 X

.. - . (et 1 . .
but rewriting the limit as 11rr(} [———J produces the indeterminant form o —, and you can't
X—> X X

use the rule while it's in this form.

[Hint: Once you find a limit, check it with a graphing calculator, if possible.]
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sin X

Example find lim

x>0  x
1. Check the form by substitution: sm(fO) = % vV ok
d,.
: . sinx : &[smx] . COSX
2. Apply L'Hopital's Rule:  lim = lim=2——— = lim =1
x>0 x x—0 i[x] x>0 ]
dx
.et -1
Example find lim 5
x=0 3X + X
. e’ -1 0
1. Check the form by substitution: ———— = — vV ok
3(0)+(0) 0
e* -1 ;[ex _1] e* 1
2. Apply L'Hopital's Rule:  lim > = lim-$X -~ = lim = —
=0 3X + X x>0 7[3)( N Xz] =0 3+ 2x 3
dx
Example find lim—
X—>0 X
_ e” 0
1. Check the form by substitution: — = — v ok
e} o0
e” ;[eX] e”
2. Apply L'Hépital's Rule:  lim— = lim®&——= = lim— = o
x>0 X X—>0 i X] x—>n |
dx
Example find lim 1n2x
X—>00 X
1. Check the form by substitution: 11’1(020) -z v ok
o0 o0
d
—[Inx]
2. Apply L'Hopital's Rule:  lim ln2X — limdx— - limM = lim 12 =0
x>0 X X—0 i[xz} x>0 Dx x—w D x
dx
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Example find lim x*cotx

x—0"
1. Check the form by substitution:  (0)*«cot(0) = 00 2" group form
2 2
2. Rewrite and check: xlcotx = —— O = 0 \ ok
tan x tan(0) O
dr
2 *I:X .
3. Apply L'Hépital's Rule:  lim —— = lim-X— = = |im 2)2( = 220
x>0 tanx  x-0° d [t -0 sec’x  sec’(0)
—[tanx]
dx
. (1 1
Example find lim|—-—
x—=0"\ X X
1. Check the form by substitution: % - (01)2 = 0—00 2"d group form
2. Rewrite and check: l—% = X_21 - 0_21 = -1 = -0
X X X 0 0
3. L'Hopital's Rule is not needed here: lim ( X _zlj = -
x—0" X
) 1
Example find hn(}(cscx——)
X—> X
.- 1 1 1 nd
1. Check the form by substitution:  csc(0)—— = — —— =o—o0 2" group form
0 sin(0) O
2. Rewrite and check: cscx—l = .1 1 = x—.smx — O—Ln(O) = 0 \ ok
X sinx X x(sin x) 0(sin(0)) 0

: . [ x—sinx . &[X_Sinx] . 1-cosx
3. Apply L'Hopital's Rule: hrr(} - = hng a |- hrr(} _
=0 x(sin x) =0 d [x(sin x)] x=0.5In X 4+ X COS X
X
1—cos(0) 0

4. Check the form by substitution: v ok, but still indeterminant

sin(0) + (0)cos(0) _ 0
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i[1—(:03 X]

5. Apply L'Hépital's Rule again: lim_l_& = lim—9X
x=0 81N X + X COS X Hoi[sinx+xcosx]
dx
~ im sin X ' _ sin(0) . _ 0 _ 0
x>0 2cosx—xsinx  2cos(0)—(0)sin(0) 2
Example find ling(eX + x)l/x
1. Check the form by substitution: (eo + 0)1/0 = 1" 2" group form
2. Rewrite using the natural logarithm: y = (ex + x)l/X — Iny= In(e” +x)
X
0
3. Check the new form by substitution: @ = lnTl = % v ok
Now we'll find the limit of In y.
|
x —| In(e”™ + x)]

4. Apply L'Hopital's Rule: lingm = ling dx i

X—> X X—

—|x
L
{ e +1 }
X 0
— gmtE P et 2 imitofiny
x>0 ] e +0 1
5. Since the limit of In y = 2, the limit of y =¢”.
Example find lim (ZX)X/4
x—0"

1. Check the form by substitution: (2-0)0/4 =0° 2" group form

2. Since x is in the exponent, we'll use logarithms again: y = (2X)X/4 — Iny = %-In(Zx)

3. Check the new form by substitution: %-ln(2 ¢0) = 0e—o0 2" group form
4. Rewrite and check the form: %-ln(2x) = 1n(§x) - ln(i- 0) - 2 ok
o0

X 0
Now we'll find the limit of In vy.
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5. Apply L'Hopital's Rule:

9 lin(2x)] N
— | In(Z£X - Y2 .
fim 020 pdxs T LX) i T i X 2 0 = limitofiny
x—0" ﬂ x—0" i ﬂ x—0" ;4 x—0" 4X x—0" 4
X dX[X} [Xz}

6. Since the limit of In y = 0, the limit of y = ¢” = 1.

Example find lim (X - 1)lnX

x—1"

1. Check the form by substitution:  (1-1)"® = (° 2" group form
2. We'll use logarithms again: y = (x —1)lnx — Iny = (In x)[ln(x —1)]

3. Check the new form by substitution: (In1) [ln(l —1)} = (0) [ln(O)] = Qe—0
2" group form

4. Rewrite and check the form: (lnx)[ln(x—l)] _ In&x=1) - Ind-1) _ 0 _ — \ ok

T 0T T
In x Inl 0
Now we'll find the limit of In y.
d
_ —[ln(x—l)] 1/(x -1
5. Apply L'Hopital's Rule:  lim In(x ~1) = in}dx— = limM
w1 (1/lnx)  x-t i[(l/lnx)] ol -1 1
dx (Inx)* | x
_ 2 _ 2
= 1mM Let's check again: & = 9 v ok, but still indeterminant
-1 (x=1) a-1n 0
6. Apply L'Hopital's Rule again:
1
: Al xmx?]  nx*=2x(nx)| -
. —x(Inx) . dx . X
B Taon g = o i
X—> X — X—> X—>
—|(x-1
dx [(X )]
= lim|[~(Inx)’ ~2Inx] = —(In1)’ ~2In(1) = 0 = limit of In'y
x—1"

7. Since the limit of In y = 0, the limit of y = ¢” = 1.
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You don't always need to use L'Hopital's Rule — sometimes other techniques are simpler. So
occasionally step back and look at it!

Example find lim [\/ x> +5x — XJ

X—>00

1. Check the form by substitution: /o> + 500 —00 = c0—00 2" group form

2. To try L'Hopital's Rule, let's build a quotient of functions by rationalizing the numerator:

[ X2+5X_XJ|:\/X2+SX+XJ _ %2 + 5% — x> _ 5%
[\/x2+5x+xJ Vx24+5x+x VX2 +5x+x

3. Check the new form by substitution: Sk =2 v ok
o0

\J00% + 5000 + 00

4. Now it qualifies for L'Hopital's Rule, but try taking the derivatives of the top and bottom
functions and you'll find it just leads to more complications. So let's fall back on the old trick of
"dividing out the x":

5x 5 5 5 5
VX +5x+x «/x2+5x+1 «/x2+5x+1 x% +5x 1 JI+5/x+1
X \/; x?

5. Now take the limit: lim >

5 5
H‘*’L/l+5/x+l} V14041 2

Be creative! Try something, and if it doesn't work, try something else!
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