Notes — Vector Analysis (Chpt 15)
15.1 Vector Fields

vector field in a plane: F(x,y) = M(X, y)i + N(X, y)j
vector field in space:  F(x,y,2z) = M(x,y, 2)i + N(X, y, 2)j + P(x, y, )k

gradient V f = fi(x, y)I + fi(x, y)j is a vector field

inverse square field:
given position vector r(t) = x(t)i + y(t)j + z(t)k,
vector field F is an inverse square field if:
r

= — (unit vector)
<l

F(x,y,z) = ﬁ u k = real number u

sketching vector fields — can sometimes sketch by finding vectors of equal magnitude

example: F(x,y) = -xi +yj

if |F|| =c, then {x*+y’=c,or x’+y’=¢’

— vectors of equal magnitude radiate from circles of radius ¢

forc=1=||F|: (%, y) F
(1,0) -i

(URY) i

(-1,0) i

(0,-1) -

o s

T —Tre Tl etc.

2 2

example: F(x,y) = 2xi +yj
4x* +y*=¢?> — vectors of equal magnitude radiate outward from vertically
aligned ellipses

example: v(x,v,z) = (36 —x"—y )k
x*+y*=36-c’ — vectors of equal magnitude radiate in the k direction from circles in the

xy plane, with the longer vectors nearer the origin

conservative vector fields
sometimes, vectors are normal to the level curve from which they radiate, like gradients

In the plane, F(x, y) = M(x, y)i + N(x, y)j is conservative iff. N = M

ox Oy

If F is conservative, then F= V { = fi+{j; fis the potential function for F

Every inverse square field is conservative.
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Finding the potential function (recovering a function from its gradient): integrate

ON oM

1. F=2xyi+t(x*-y)j= Vf = = 2x — = 2X — conservative
VI =fiit+fj fi = 2xy fy=x2—y
[xy)dx = X’y +g(y) [ =y)dy = x*y-y* /2+h(x)
g(y) = -y*2 h(x) does not show up in f, so must = constant K
— f=xy-y2 +K
2. F = 2xy’i+3yx’ = Vf 2—N = 6xy’ M _ 6xy> — conservative
X
f, = 2xy’ fy, = 3y’x®
[exy)dx = Xy +g(y) [By’x*)dy = x*y’ +h(x)  g(y) = h(x) = K

— f=x¥y+K

Curl of a vector field in space
The curl of F(x,y,z)=Mi+Nj+Pk is VxF(x,y,z) =

ik
o 2 o (@ o) (@ an),, (v av),
ox oy 0z oy oz ox oz ) ox oy
M N P

If VxF(x,y,z)=0,then F is irrotational and conservative, and a potential function f can be
found

Example: find a potential function for F(x, y, z) = 3x’y’zi+2x’yzj+ X'y’ z

oP ON oP oM

= 2xy-2xy = 0 — 2= =3y -3y =0
oy oz oy ox oz YR
N_M _ 6x’yz — 6x°yz = 0 — conservative
ox 0Oy
f, = 3x’y’z fy, = 2x’yz f, = xy*

3x y’zdx = v’z + oy, z 2x’yzdy = x’y*z + h(x, z

y yz+gly yzdy y
Ix3y2 dz = x’y’z +k(x, ) — f=xyz+K
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Divergence of a vector field

oM ON oM GN 8P
Divergence VeF = — + — or
ox Oy x 6y az

If VeF = 0, then the field is divergence-free
If M, N, and P have continuous second partial derivatives, then V¢ (VxF) = 0.

15.2 Line Integrals — integrating a function over a path

.[f (x,y,z)ds = the line integral of f along a piecewise smooth curve C of finite length.
C

For C given by r(t) = x(t) i+ y(t) j + z(t) k,
ds =[Pt = [x'OF +[y'(OF +[2'()F dt

and [£(x,y.2)ds = [£(x(0),y(0),2(0) {[x (OF +[y (OF +[2(OF dt

b
iff(x,y,z)=1 then J-lds = J.|| r'(t)]|dt = length of C
C a

Example: evaluate j(x +y” +4z)ds over the straight line from (0, 3, 2) to (1, 2, 5)

C

Parameterize the line: x=t x' =1 0<t<1
y=3-t y =-1
z=2+3t z’=3

= JP+(=1)?+3%dt = J11dt

1 1
[x+y*+42)ds = [(t+(3-0’ +4Q+3)V1Tdt = V11 +7t+17 dt
0 0

C

= 69.096

= \/7|:t—+7+17'[

1
0

Example: compute the mass of a spring in two turns (0 < t < 4m) of a circular helix given by
r(t) =3 costi+ 3 sint j + 2t k where density p(x,y,z) =" (x*+y* +7°)

dr = -3sinti+ 3cost j+ 2k ds = \9sin’t+9cos’t+4dt = +/13dt
mass = J.pds from r, x = 3 cost, y = 3 sint, and z=2t — substitute into p

z[pds = ‘[ (P +y +20)ds = T%(9coszt+9sin2t+4t2)\/ﬁdt

C 0
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(27 + 64n2)

= gT(9+4t2)dt _ 213
0

3

Line integrals of vector fields

Can be used to find work done in a force field F
- consider only the part of F acting in the direction of motion of the object
- projection of F onto unit tangent vector T: F T
- force in direction of motion is (F « T)T
- motion in opposite directions along the same path results in opposite signs of the work
done
- work is positive in the direction of the force field
- work is negative in the direction against the force field

In a conservative vector field (like inverse square fields), the work done in moving an object
from one point to another is independent of path.

work W = J.F(X,y, z)*T(x,y,z)ds

FeTds = l(;°r’(t)dt = Fedr

j F.Tds = TF(x(t), y(t), z(t)« F'(t)dt

1§rom r(t), ﬁndax(t), y(t), z(t) and substitute into F

Example: find the work done by the force F = x’i + y’j + z’k on a particle moving on the path
r(t) = sinti+costj+t*k from (0, 1, 0) to (1, 0, x*/4).

From r: x(t) = sint y(t) = cost z(t) = t*
sincez=t" — 0<t< w2

Substitute into F:  F(t) = sin’ti+ cos’tj+t* k

r’(t) = costi—sintj+ 2tk

. /2
sint cos’t t° n°
+

+
3 3 3 192

/2

b
'[F- r'dt = j sintcost+cos’tsint+2t°dt =
a 0

Department of Mathematics, Sinclair Community College, Dayton, OH



Example: find the work done by a person weighing 180 Ib climbing one revolution (27) of a
circular helical staircase if the person rises 10 feet vertically.

The equation for a helix is r(t) = Rsinti + Rcost j + ct k
where R = radius of the helix and 2nc = vertical separation of the loops

r(t) = 3sinti+ 3costj+ (10/2n)t k 0<t<2n
r’(t) = 3costi—3sint j + (10/27) k

F = 180k

b 27 2n

[Ferde = jlgoodt = 18001 1800 fi-tb

" AL 2n |,

Note that work done in a gravitational field, which is conservative, is independent of path, and is
the same as if the person had risen directly vertically (= 180 Ib « 10 ft).

Differential form: F(x,y)=Mi+ Nj, r(t) =x(t)i+ y(t)j
b b

J.F- rdt = j [Md—X+Nﬂ}dt = jde+Ndy
3 dt dt !

a

Note that M and N come from F and dx and dy come from r’

Example: evaluate J. (y—3x)dx +x’dy along the path r(t)=2ti+10tj 0<t<1
C
from r: x =2t, dx =2dt y =10t, dy = 10dt

substitute into F:

j [(10t—61)(2) + 4t>(10)]dt = j $t+406dt = 2

or, without converting to t:
r is a straight line going from (0, 0) to (2, 10) — x=x, y=5x; dx =dx, dy = 5dx

2 2 2
J-(y—3x)dx+xzdy = J(Sx—3x)dx+5x(5dx) = j2x+5x2 dx = x° +§X3 =
C 0 0

0

52

Example: without converting to t
Evaluate I(2x —y)dx + (x +3y)dy along the path y =x> from (0, 0) to (2, 8)
C

2
x=x,dx=dx; y=x', dy=3x"dx — '[(ZX —x)dx + (x +3x7)(3x’dx)
0

2
= j2x+2x3+9x5 dx = 108
0
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or, by converting to t:
x=t y=t; dx =dt, dy = 3t°dt (r(t)=ti+t% ) 0<t<2

j(zx —y)dx+(x+3y)dy = [(2t—t})(dt)+ (t+3t>)(3t3dt)

O© ey

2
= [2t+20+9¢ dt = 108
0
Note the integrals and limits of integration are the same whether using x or t.
Example: in force field F(x, y) = 15[(4 — x%y) i— xy j], find the value of ¢ for motion along the

parabolic path y = c(1 —x?) from (-1, 0) to (1, 0) that results in the least amount of work done.

This problem could be worked by parameterizing the path with x =t and y = ¢(1 — t*) and
-1 <t <1, but it makes no difference to the integral or the limits of integration

Using the differential form: x =x, dx=dx; y=c —cx’, dy = -2cxdx

b 1
W = j Mdx +Ndy = j 15[4 — x(c — cx*)]dx — 15[x(c — cx> )(—2cxdx)]
a -1
1
= I60—15X2(c—2cz)+15x4(c—2c2) dx = 60X—5X3(C—2C2)+3X5(C—2C2)‘1_1
-1

= 120 — 4¢ + 8¢?
W’ = -4+16c = 0 whenc=% — W = 120—4(1/4)+8(1/4)* = 119.5

What if we move in a straight line path from (-1, 0) to (1, 0)?
x=x,y=0; dx=dx,dy=0; F = 60i on that path

b 1
W = [Mdx+Ndy = [60dx = 120
a -1

Obviously, this is not a conservative field:

6_N = -15y 8_M = -15x2 a_N + oM

ox dy ox | dy
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15.3 Conservative Vector Fields and Independence of Path

Fundamental theorem of line integrals

If F(x,y)=Mi +Nj is conservative and M and N are continuous in the region, then:
j Fedr = j Viedr = f(x(b), y(b)) — f(x(a), y(a))

wheEe fis the pcotential function of F (F(x,y)= V {(x,y))

An equation r for the curve is not needed in a conservative field.

K’s are not necessary in the potential function f, since they are cancelled by subtraction

Example: F(x,y)=2(x+y)i+2(x+y)j. Evaluate IF «dr where r is a piecewise smooth curve
C
from (-1, 1) to (3,2). F is conservative.

.[2(x+y)dx = X2+2xy+g(y) I2(X+y)dy = 2xy+y2+h(x)
f=)(2+2)(y+y2 = (x+y)2

f(3,2)—f(-1,1) = 5*-0 = 25
Example: F(x,y) = 6xi—4zj — (4y — 20z)k. Evaluate I F.dr where r is a piecewise smooth
C
curve from (0, 0, 0) to (3, 4, 0). F is conservative.

J.6x dx = 3x* + g(y, 2) J.—4z dy = -4yz +h(x, z) JZOZ —4ydz = 102 — 4yz + k(x, y)

f=3x"—4yz+102 (3, 4,0)-1f0,0,0) = 27

evaluating a line integral using equivalent conditions
if F(x, y, z) = Mi + Nj + Pk has continous 1* partial derivatives in an open connected region and
C is a piecewise smooth curve, then the following conditions are equivalent:

1. F is conservative (F = V f)
2. IF «dr is independent of path
C

3. fF «dr =0 for every closed curve
C
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Example:
evaluate _[ F+dr where F = e”yi + ¢°xj + e’xyk and r =4costi+4sintj+3k 0<t<n
C

you could proceed as normal with dr and substituting functions of t for x , y, and z:

.[Fodr = I—16e3 sin® t+16e° cos* t+16¢e’ costsint dt
C 0

or: test F and find that it’s conservative, then find f:
Iezy dx = e"xy + g(y, z) j e’xdy= e’xy + h(x, z) j e’xydz= e"xy + k(x, y)

— f=exy+K

The initial and end points for r are (4, 0, 3) and (-4, 0, 3)

Since IF «dr is independent of path, we can evaluate f:
C
(~4,0,3)

xy‘ =0

(4,0,3)

z

Conservation of energy
potential energy p of a particle in a conservative vector field F:  p(x,y,z) = - f(X,y, 2)
work done by F moving a particle from point A to B is:
B B
W= [Fedr = f(x,y,2), = -p(x.y,2), = p(A)-p(B)
C
Work = difference in potential energies of A and B; sum of potential and kinetic energies
remains constant.
15.4 Green’s Theorem

A curve C is simple if it does not cross itself.
A region R is simply connected if its boundary consists of one simple curve.

Let region R be a simply connected region with a piecewise smooth boundary C oriented
counterclockwise (region R is always to the left of C). If M and N have continuous 1* partial

derivatives, then: j Mdx +Ndy = I I N_M dA
a RILOx Oy
where dA is dxdy, dydx, rdrd®, etc.
The line integral over a closed curve in a conservative field is still zero [Z—N = %\/Ij
X
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Example: Evaluate the line integral jyzdx + xydy where C is W
C

the boundary of the region lying betweeny =0, y =Jx ,and x = 4. ] 4
4 Jx 4 X
2
y dx +xydy = y— 2y dydx = |—-—dx = -4
oo - [fl-on - [

Example: calculating work

Calculate the work done on a particle moving along the same path as above while subject to the
force F = (3x* + y)i + 4xy’j.

.[ (3x* + y)dx + 4xy2dy = IRJ.(4y2 -1dA = work

C

4
(4y’ —1)dydx = jix;—\/;dx = ixg—gx
3 15 3

0

176
15

N w

O C—
o'-—.xk‘

Finding a line integral by area

If N _M =1, then I J.ldA = area of region R
ox 0y R

Example: Evaluate J-(y —x)dx +(2x —y)dy where C encloses the region inside the circle
C

x> +y* = 16 and outside the circle x> + y* = 1. ﬁ
I
N_M _, | _, N
ox 0oy

jledA — l6n-n = 151

Finding area by a line integral

One choice for N _M_ 1 is M=-y/2 and N =x/2.
ox 0y

Then A = ljxdy—ydx
2C
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Example: find the area bounded by the curves y=2x+ 1 andy =4 - X

Cl: y=2x+1

1
Elxdy—ydx =

C2: y=4—x2

1
Elxdy —ydx

1 1

3

EJ.—dx + Ef(—x2—4)dx = 3

dy = 2dx ><
1 1

lJ.Zxdx—(2x+l)dx = lJ‘—dx /

- - / \

-3 -3
% ! 2x%dx - (4-x*)dx = % [ (x> —4)dx

1

dy = -2xdx

32

2 2

y

Example: Find the area of the ellipse %+E =1

x=3cost dx=-3sint y=5sint dy=5cost 0<t<2n

2n 2n
A = ljxdy—ydx = lj15cos2t+15sin2tdt = lj15dt = =
2% 29 2y

Centroid of a region with area A:

1

X = ——[xd y=——/|[y4d
X ZAlx y y ly X

Area of a plane region bounded by simple closed path C given in polar coordinates:

2A

A = %jrzde

C

Alternative forms:

For F(x, y, z) = Mi + Nj + Ok: [Fedr = [[(VxF)-kdA
C R

For F(x,y) = Mi+ Nj and r(s) = x(s)i + y(s)j where s is the arc length parameter:

[Fedr = [[(VF)daA
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15.5 Parametric Surfaces
For surfaces, vector-valued function is a function of two parameters, u and v.

Surface: r(u,v) = x(u,v)i+y(,v)j+zu,v)k
Equations for the surface:  x=x(u, v) y =y(u, v) z=1z(u, V)

Example: identify the surface given by r(u, v) = ucosv i + usinv j + u* k 0<v<2n
2 2 2

x"+y " =u =2z — paraboloid around the z axis
Example: identify the surface given by r(u, v) = Scosv cosu i + Scosv sinu j + 5sinv k

x> +y> = 25cos’v xX*+y*+2z° =25 —  sphere with radius 5

Finding equations for surfaces
if z=1(x, y), then the surface is represented by r(x,y)=xi+yj+{(x,y) k
for cylinderz=x"+4y*— 16: r(x,y)=xi+yj+(x*+4y’—16)k
for a surface of revolution:
if revolve y = f(x) around x-axis, a < x <b, use:
x=u y=f(x)cosv z={f(u)sinv a<u<b 0<v<2m

if revolve x = f(z) about z-axis: z=u  x=f(u)cosv y=f(u)sinv

fory =f(x) = Jx revolved around the x-axis:
X=1u y= Ju cosv z=Ju sinv

— paraboloid of the form x = y* + 2>
Normal vectors and tangent planes of a surface

If surface Sis r(u, v) = x(u, v)i+y(u,v)j+z(u v)k
then at (Xo, Yo, Zo) the normal vector N = ry(uo,vo) X Iy(Uo,Vo)

using N = <a,b,c> the equation of the tangent plane is:
a(X —Xo) T b(y—yo) tc(z—2,) = 0

Example: find the equation of the tangent plane at the point (2, 0, -1) to the elliptic paraboloid
givenby r=ui+vj—@u¥4+v)k

at(2,0,-1),u=x=2and v=y=0
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r. =i—-@u2)k =i-k r=j-2vk=j ruxr =N20 = itk = (10,

equation of the tangent plane is: (x—2)+(z+1)=0 or x+z=1

Example: find the equation of the tangent plane at the point (-2, 0, 4) to the surface given by

r=u coshv i+ usinhv j+u’k
using the function r and the point (-2, 0, 4):
2 _
z=u=4 5> u=+2
x=ucoshv=-2 — u=-2,coshv=1,v=0 (coshv cannot =-1)
y = usinhv=0 andsinh(0)=0 — checks
r, = coshvi+sinhvj+2uk = i-4k ry, = usinhvi+ucoshvj = -2j

r. x r, = N(-2,0) = -8i-2k or (-8,0,-2)

equation of the tangent plane is: -8(x +2)—-2(z—4) = 0 or 4x+z=-4

Area of a parametric surface
For surface r(u, v) =x(u, v) i +y(u, v) j +z(u,v) k over open region D in uv-plane:

dA

surface area = _U
D

r,Xr,

ifz=1(x,y)and r(x,y)=xi+yj+f(x,y) k then over region R in the xy-plane:

surface area = [[|r, xr,[dA = [[1+[f, (. y) +[f,(x.y)I" dA

Example: find the surface area of the paraboloid r = 2u cosv i+ 2u sinv j + u”> k over the
domain 0<u<2 and 0<v<2n

ry, = 2cosvi+2sinvj+2uk ry, = -2usinvi+2ucosvj
r, X r, = -4u’ cosvi— 4u’ sinv j+4uk

= 4u~u’+1

2n 2

surface area = !£4u\/u2 +1dudv = 8?“(5\/5—1)

r,Xr,

Example: find the surface area of the surface given by r = ui + sinu cosv j + sinu sinv k
over the domain 0 <u<n and 0<v<2n
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r, = i+ cosucosv j+ cosusinv k r, = -sinusinv j + sinu cosv k

r, X Iy = sinu cosu i — sinu cosv j — sinu sinv k

= sinuvcos’u+1

r Xr,

oy

Isinu\/coszu+1 dudv = n[2ﬁ+ln(£+iﬂ
) _

15.6 Surface integrals

If S is a surface with equation z = g(x, y) and R is its projection onto the xy-plane, then the
surface integral of f over S is:

[[fey.2ds = [[£05,y, 20 y1+g, (0P +[g, (x, ) dA

Ify = g(x, z) and R 1s in the xz-plane, then:

”f(x,y,z)dS = Hf(x,g(x,z),z)\/l+[gx(x,z)]2 +[g,(x,2)] dA

If x = g(y, z) and R is in the yz-plane, then:

[[fey.2ds = [[f(e(y,2),y,241+]g,(y. 2] +[g, (v, dA

Example: evaluate the surface integral J.J- (x—2y+2z)dS
S
where S is bounded by z=10-2x+2y,0<x<2,and 0 <y <4

using a projection onto the xy-plane:  g(x,y) =10 —-2x + 2y g = -2 gy =2

J1+(=2)+2* =3

Jlx-2y+2)ds = ﬁ(lO—X)G)dydx = 216

S

The integral can also be evaluated by solving the z equation for x or y and projecting onto the
yx-plane or the xz-plane, respectively.
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The mass of a surface area of variable density p(x, y, z) = ” p(x,y,z)dS

S

Example: A hemispheric lamina S is given by z= /25-x>—y® = g(x,y),0<z<5. Ifthe
density is p = kz, find the mass of the lamina.

Projection onto xy-plane: x” + y* <25

5

BT &~ T S e e - ——
V25-x -y’ J25-x7 -y ’ ’ 25-x% -y
[[p(x.y,2)d8 = [[kzds = ”k«/25—x2—y2;dA = sk[[da
R

S S R 25—)(2—}’2

changing to polar coordinates: 0 <r<5,0<60<2xn

2

Sk”dA = Skﬁrdrde = 125kn
R 00

Parametric surfaces and surface integrals

For a surface given by: r(u, v) = x(u, v) i +y(u, v) j + z(u, v) k , the surface integral of
f(x, y, z) over S is:

[ty 2)d8 = [[£0x(u,v), y(u,v),2(u, )| £, (u,v) x 1, (u, V)] dA

S

Example: evaluate the surface integral ” (x+y)dS for the surface S defined by:
S

r(u,v)=2ucosvitusinvj+tuk 0<uc<4 0<v<m

ry=2cosvi+2sinv j+ k ry = -2usinv i + 2ucosv j rXr| = Zux/g

”(x+y)dS = j
51245

3

S C—

n 4
(2uc0sv+2usinv)(2u\/§)dudv = 4\/§Iju2 (cosv+sinv)dudv
00

Department of Mathematics, Sinclair Community College, Dayton, OH

14



Orientation of a surface

An orientable surface S has two distinct sides (a Mdbius strip is not orientable) . To orient it,
choose one of two possible unit normal vectors.

For S given by z=g(x,y), let G(X,y,2z) =z—g(X, y)
S can be oriented by either
VG(x,y,z) g (xy)i-g (xy)j+k

N= —2=2 -~ = (“upward”)
[VGeoy.al  Ji+lg, P +g, (x0T
or N = VGx.yz) _ _&(y)ite,&y)i-k (“downward”)
[VGeoy.2l  fi+le, (. y)T +lg, )P

if surface S is: r(u, v) =x(u, v) i + y(u, v) j + z(u,v) k, then

r,Xr
N=-2Y or N-=
r,Xr,

r,Xr,

r,Xr,

Flux integrals

The flux integral of F(x, y, z) = Mi + Nj + Pk across surface S is J]F +NdS
N
= [[Fel-g.(xy)i-g,(x,y)j+k]dA or [[F(r,xr,)dA
R D

Example: Let S be the 1* octant part of the sphere z = g(x,y) = \/16—x> -y’ . The normal

vector is outward. A fluid with density p is flowing through the surface according to the vector
field F =xi + yj + zk. Find the rate of mass flow through the surface.

_ —X -y
N T N T
[[pF-Nds = p J‘(xi+yj+«/l6—x2—y2 k)( i L j+k |dA

S R \/16—)(2—y21+\/16—x2—y2

rdrd® = 32mp

n/2 4

B 16 _ 1
B ot g v
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15.7 Divergence Theorem

Q is a solid region bounded by closed surface S with unit normal vector outward from Q. If F is

a vector field with continuous partial derivatives in Q, then:

: . oM ON  oP
ijF.NdS=j£j divFdV divF = "

So, instead of evaluating F ¢ N for several surfaces, you only need one triple integral.
Example: Q is a solid region bounded by 0 <x<a,0<y<a,and 0 <z<a (acube).
If F=xzi—yj+xyzKk, find HF-NdS .

N

divF = 2xz+xy—1 IF-Nd = Ij;:[ 2XZ+ Xy — dzdydx = 3%_&3

Example: Q is bounded by the cone z= +4/x* +y* and the plane z = 4.
F= (xy2 +cosz)i+ (Xzy +sinz) j +e“k . Find J.IF-NdS .
S

divF = y*+x* + ¢

change to cylindrical coordinates: r<z<4 0<r<4 0<0<2nt x*+y’=r

o=y

[[[7 +x*+edv = ﬁ(r2+e2)rdzdrde = 2m(5¢* +251/5)
Q 0r

Since ”F +NdS = J.” divF dV represents the total flux of F into or out of Q through S,
s Q
a point in the vector field is a: source if div F >0
sink if div F <0
incompressible if div F =0
Example: Q is the sphere x*+y* + z* = 4. Find the outward flux of F=xyi+4yj+xzk
through the sphere.

divF = x+y+4 spherical coordinates: x = psingcos y = psingsin0

1281

(psin@cosO+psin@sin@+4)p>sinpdddedp =

S C— 1O
O ey 3
ct—y

ﬂ divFdV =
Q
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15.8 Stoke’s Theorem

If oriented surface S is bounded by a piecewise smooth simple closed curve C, then:

jCF-dr= [[(curlF)-NdS = [[curlFe[-g, (x,y)i—g,(x,y)j+k]dA

Example: find J-CF-dr where F=(3x—-2z)i+ (2x +2z) j + (2y + x) k and C is the circle

x2+y2=9.

curl F = 2j+2k -2, (X y)i-g,(x,y)j+k = -2xi-2yj+k
[[eurFel-g (x,y)i-g,(x,y)j+k]dA = [[(4y+2)dA

R R

In polar coordinates: y =r sinf 0<06<2n 0<r<3

2n 3 2

m3 2n
2”(2rsine+1)rdrde = 2”(2r2sine+r)drde = 9j(81sine+1)de = 18n
00 00 0
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