NOTES - Vector-Valued Functions (Chpt 12)

12.1 Space curves and vector-valued functions

vector-valued functions: maps real numbers onto vectors; component functions real-valued
plane curve ret) = f(t)i+gt)j or r(t) = (f£(t),g(t))
space curve rit)y = fit)i+g(t)j+ht)k or r(t) = (f(t),g(t),h(t))

curve = set of points and defining equations
r=sinti+costj # r = sin(t®) i + cos(t?) j
unit circle, period 27 unit circle, period 27

domain of r is intersection of domains of f, g, and h

Example: r(t)=\/¥i+(l—t)j 0<t< o
t=x" y=1-x — graphs as a parabola, x >0

Example: r(t)=4costi+4sintj+tk
x*+y*=16 — curve on right circular cylinder, radius 4, centered on z axis
z=t — helix

Example: convert )2(—; + % = 1 to a vector-valued function

%: cost %: sint rt)=5costi+4sintj (or r(t)=5sinti+4costj)
Example: intersection of semiellipsoid XTZ + % +§ =1 and parabolic cylinder y = x>
solve forz: z= %\/m parametrics: x=t, y=t

r=ti+tj+ %\/16—4t2 —t* k

Limits and continuity
limr(t) = [hmf(t)}i 4 [lim g(t)} j+ [limh(t)J K iff, g hhave limitsast— a
t—a t—a t—a t—a
vector versions of limit theorems; orientation of curve r(t) used to define on-sided limits
r(t) is continuous at t = a if lim r(t) = r(a)

- continuous on interval I if continuous at every point in I

example: r(t)=sinti+costj+Intk continuous for t > 0
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12.2 Differentiation of vector-valued functions

the curve is smooth on an open interval [ if f', g
re # 0inL.
3t*
+
1+t

+t3I B

Example: r(t) =

" 7] r'(t)

re)=f'¢i+gt)j+hik

' and h' are continuous on I and

3-6t° - 6t—3t“j
(1+t°)° (1+t)°

there is no value of t that makes r'(t) = 0; there is a discontinuity att=- 1

the curve is smooth on (-, -1) and (-1, )

D{cr(t)] = cr'(t)

Dyr(t) X u(t)] = r(t) x u'(t) + r'(t) x u(t)

Dfr(®) £ u@®] = r'( £ u'()

Dfr(f(t)] = r'd@®)'e®

Df(or®)] = fHre + £'or

ifr(t)er(t)=c,thenr(t)*r'(t)=0

Difr(t) « u@®] = r(t) « u'(®) + r'ct)  u(t)

Integration of vector-valued functions

plane curve:

Space curve:

[ra = [ [ f(t)dt}i + Ug(t)dt] j
[rndt = [[tdt i+ | [edt]j+[ [t |k

indefinite integral produces a family of vector-valued functions

[rwdt = R+C where C = C; i

12.2 Velocity and acceleration

position vector r(t) = x(t) i+ y(t) ]

+C2j+C3k

r'(ty = velocity vector or tangent vector; indicates direction of motion

1P = [XOT +[y'O] = speed
r''(t) = acceleration

if motion is at a constant speed, then r'(t) L r"(t)

example: r(t)=2costi+3sint]j
velocity r'(t) = -2sinti+3costj
speed ()| = V4sin®t+9cos’ t
acceleration r*(t) = -2costi—3sint]
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Example: at)=i+k v(0)=75j r(0)=0 find r(2)

V() = fa@) = (t+C)i+Cj+E+Ck
vi0)=5] — C;=0,C3=0,C;=5 — V() =ti+5j+tk

rt) = jv(t) = (%+C4]i + (5t+Cy)j + (%+C6]k

2 2
M0) =0 —  C4=0,Cs=0,Co=0 —> r(t)=(%ji+(5t)j+[%}k

r(2) = 2i+10j+2k
Projectile motion

gravity only force acting on a projectile after launch
=—mgj = —gj (g =32 ft/s” or 9.81 m/s?)

position vector:  r(t) =- Y gt* j + tvo + I

Vol =
I ¥oll

Vo Vo = Vo €080 1+ v, sind j
h rh ="hj

given h, v,, 0: r(t) = (vocosO)ti+ [h+ (v, sin®)t — % gt’] j

2 2 2
for a projectile fired from ground level, the range x = v, $in 20 _ ! g;:ote
g
2
rectangular form of position function: y = —16863 0 x> + (tanB)x + h

Vo

Example Gravel is coming off a conveyor belt and falling 6 ft into the center of a pickup truck bed,
which is 4 ft away. At what speed must it come off the belt to hit this spot?

> Vo

initial angle 6=0°  cosf = 1 sinf = 0 h=6 ft \
ot an
r(t) = voti + (6 — 16t%)j ' O ®

whenx=4,y=0 — solvefortwhen6—16t> = 0 — t = +/3/8

solve for v, where vt = 4 — VoN3/8 =4 — Vo = ~ 6.53 ft/sec

8/6
3

_1_62 C+6 —  v,=41676 ~ 653

Vo

Using the rectangular form (with y = 0): 0=
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12.4 Tangent vectors and normal vectors

If curve C is smooth on open interval I (r' is continuous and nonzero), then the

- . rl
unit tangent vector attis: T(t) = —H Eg H
r

The tangent line at a point on the curve is a line passing through the point and parallel to T(t)

Example Find T(t) and the parametric equations for a tangent line at the point for t = 1

r=ti+tj+23k t=1 — point (1, 1, 2/3)
T(t) = 1+24 att=1, T(t) = L(i +2j) direction numbers = <1 2 O>
(O ’ J5 o
((a,b,c))

parametric equations: x=1+s y=1+2s z=2/3
principal unit normal vector

if T'(t) # 0, the principal unit normal vector at t is: N(t) = %
Example Find N(t) and N(1) for r(t) =4t* i + 2t j

. . . \ 3 8ti+2]j 1 -
re)=8ti+2j |r'| = V64t  +4 T(t) = = (4ti+))
V642 +4  l6t7 +1
D{f(u)] = fou'® + f'Hu()
1 . 16t I 4 64t° . 16t
Tt = ——= @) ——————4tit+)) = — -
© V16t +1 @0 (16t* +1)* AR [\/16t2 +1 (et +1)3/2} (T6t +17 )
_ 4 P 16t j
(1e6t* +1y>"* (16t* +1)°"?

. 16 256t° 4 .

1T = 2 7T 2 VI
(et +1)" (16t° +1) 16t~ +1
T 16t* +1 4 : 16t . 1 . i
N(t) = = - = — (1—-4t
© Tl 4 Ll6t2+l)m (16t” +1)" J} V16t? +1 (=40
1. i
N(1) = —(i—4)
J17

A unit normal vector is orthogonal to T; the principal N points toward the concave side of a plane
curve or in the direction a space curve is turning. T points in the direction the object is moving.
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For plane curves: T() =x(t)i+y(t)]
unit normal vectors are:  Ni(t)=y(t) i—x(t) ] or Na(t)=-y(t)i+x(t)]

Tangential and normal components of acceleration

if speed is constant, v L a (& is not in direction of motion)
if speed variable, a has components and is in the plane determined by T and N

at) = arT(t) + asN(®)

if r(t) is the position vector for a smooth curve C,

vea , vXxa
ar = Df||v[]=a*T=— av=|V||T]| =aeN _ | I

V] [Vl

= llal

an > 0; also called centripetal component of acceleration
Example Find the acceleration components for r(t) =t i+t j

V(t) =i+ 2t] at)=2j lal=2
vea  (L2t)+(0,2) 4t

V]| J1+4t? V1 + 4t

16t 2
ay = +/|lalf —a,” = ,[4- =
N lall” —a; s ac Tra

12.5 Arc length

ar =

If C is a smooth curve on [a, b] and r(t) = x(t) i + y(t) j + z(t) k

arc length s = j JIXOF +[y'OF +[2'®F dt = j | r'(t) || dt

arc length parameter

arc length function: s(t) = j\/ [x'(W)] +[y'W] +[z'(w)]’ du

s = arc length parameter
r can be expressed as a function of s

Example
r)=@-4)i+2tj ro=-4i+2j Ir'l =25 0<t<l
( S
s(t) = 2J5du = 245t t= ——
! 25
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r(t)=(4—%ji+%j 0<s<25

b b
IIr'(s)|| =1 arc length fromatob = J|| r's)||ds = st = b-a
if t is any parameter and ||r'(s)|| = 1, then t is the arc length parameter
curvature

arc length parameter — curvature, rate of change of T with respect to s

i—TH = || T(s) || (for acircle K= 1/r)
S

_ 1Tl _ Ir@® xrr@ |

if C is a smooth curve, the curvature at t: K =

I ] @I

curvature K =

curvature in rectangular coordinates

if C is a plane curve y = f(x) and is twice-differentiable, the curvature at (X, y) is:

_
K = 2372
[+ ()]
if C is a curve with curvature K at point P, the circle passing through P with r=1/K 1is the

circle of curvature and lies on the concave side of C. r = radius of curvature at P;
circle center = center of curvature.

can graphically estimate K from the radius of a circle passing through P: K= 1/r

acceleration, speed, and curvature

d’s ds\’ ds
at) = —T + K|— | N — = speed = ||r'(t
9] e (dtj m p [r' @)l

Tangential component of acceleration is the rate of change of the speed, which is the rate of change
of arc length. Normal component is a function of both speed and curvature.

Example Find ar and ay for: r(t)=ti+2tj+tk

2
P = 2ti+2j42tk POl = 2420 +1 = didt ap = S5 = —H

2 22

K= —- K(ds/dt)* =

227 +1)*? V2t +1

= an
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frictional force

for an object moving in contact with a stationary object:

d’s

2

F =ma= m[d?j T + mK (%} N friction is part of total force

for a car rounding a turn at constant speed, friction keeps it from sliding off the road
- magnitude = ay

Example Find the frictional force keeping on the road a 4000 Ib car traveling at 30 mph around a
circular interchange with r = 100 ft

K=1/r=1/100 ds/dt = 44 ft/s

FN=

P 2
K(ﬁj _ (40001b)(441t/s)” _ 77,440 fi-1b/s>

dt 100 ft
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