Simultaneous Determination of Two Laplace Transforms

Problem: Find L[tcos(at)] and L]tsin(at)]
Step 1: By definition, L[tcos(at)]= I e[tcos(at) it , L[tsin(at)]= I e [tsin(at) it
0 0
Step 2: Integrate _[e’“[tcos(at)}]lt by parts using the standard parts formula
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Iudv =uv|’ - jvdu .Let U=tcos(at),dv=e"* and proceed for just one iteration.
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e *[tcos(at) it = — :
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e [tcos(at) pit = O+—'[e’St cos(at)dt — 2 I e tsin(at)dt =
S 0 S 0
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L[tcos(at) ]+ = L[tsin(at)] = = L[cos(at)]
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Step 3: Likewise, integrate Jefst[tsin(at)}it by parts using the standard parts formula
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b b
Iudv =uv|’ - jvdu . Let u=tsin(at),dv=e"* and proceed for just one iteration.
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e *[tsin(at)pt =

e_ ; tsin(at) |7 —{%Te‘“ (sin(at) +at cos(at))dt} =
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e*[tsin(at) it = 0 %Te“ sinat)dt +%Te5‘t cos(at)dt =
] ]
_Ta L[t cos(at)]+ L]tsin(at)]= % L[sin(at)]
Step 4: Set up the system of equations for L[tcos(at)] and L[tsin(at)] shown below.
L[t cos(at)]+ % L[tsin(at)]= % L[cos(at)]

_Ta L[tcos(at)]+ L]tsin(at)]= % L[sin(at)]
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Step 5: Substitute the known values of L[cos(at)] and L[sin(at)]into the system.

a , 1 S 1
L[tcos(at)]+§ L[ts'“(at)]—ng T } -

—a ; 1 a a
TL[t cos(at) ]+ L[tsm(at)]—g[SZ P } e a?)

. a
Step 6: Solve for L[tSln(at)] multiplying the first equation by — and adding to the second, thus
S
eliminating L[t cos(at)]
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%j L[tsin(at)]+ L{tsin(at)]=

Step 7: L[tcos(at)]is obtained by simple substitution of the expression for L[tsin(at)]into the
first equation and solving for L[t COS(at)] via a moderate dose of algebra.

L[tcos(at)]+ 2 Ltsin(at)] = =
s s2+a
L[tcos(at)]=— ! -2 [tsin(at)]=
s?+a? s
1 2a’
L|t t)|= —
[tcos(at)] S R =
toostan]= & 2)722° _popsan]o S
(a2 +5?) (a2 +5?)

The cyclic integration-by-parts technique is a great way to simultaneously generate
antiderivatives for two closely related indefinite, definite, or improper integrals. Note: | was first
exposed to this in early 1967. The same technique can be used to simultaneously generate

L[cos(at)] and L][sin(at)], which I will leave as an exercise.
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