THE UNIT STEP FUNCTIONS and LAPLACE
TRANSFORMS

The Unit Step Function, u(t) is like an off-on switch that turns a function on or off

over a specified interval. By definition,

0 0 ¢<0
u =
1 20

If we consider u(t)f(t), then f(t) is turned off when t <0 and turned on when
t > 0. This is so because if t < 0, u(t)f(t)=(0)f(t)=0, and ift > 0,
u(H)f(t)=(1)f(t)=f(t).

The translated unit step function, u(t-a) is defined as

0 O<t<a
u(t—a)= { t>g

00<t<2
So that u(t—2):{
1 t>22

Example: Suppose

y=u(t—2)t>.Thenfort <2, u(t-2)=0andy = (0)t* =0. Fort>2,u(t-2)=1,s0y = (I)t> =¢>.
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Example: Suppose f(¢)=¢> only on the interval [2,3). Note that

00<t<?2
1 122

00<t<3

u(t—2):{ | 23

u(t—3)={

Now look at u(t-2) — u(t-3).
t<2,ut-2)-u(t-3)=0-0=0
If 2<t<3u(t-2)-u(t-3)=1-0=1
t23u(t-2)-u(t-3)=1-1=0

Then [u(t—2)—u(t-3)]’ willequal t* only on[2.3).

Suppose a function, f(t) is defined as follows:

20<t<?2
f()=49-12<¢t<3
1 23

We wish to express f(t) in terms of unit step functions, u(t-2) and u(t-3). Ift<2,
both u(t-2) and u(t-3) are equal to zero. Set f(t)=2 as a start. If 2<t<3,
u(t-2)=1 and u(t-3)=0, and since f(t)=-1 set f(t)=2-3u(t-2). Ift>3, both

u(t-2) and u(t-3) are equal to one, and since f(t)=1, set f(t)=2-3u(t-2) + 2u(t-3).
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Suppose f{(t) is defined as f(t)= {i Otit; 2. Express f(t) in terms of unit step
, 1>

functions. If 1<¢<2, u(t-1)=1andu(t-2)=0. soset f(¢)=[u(t—1)—u(-2). If
t>2, u(t-1)=1 and u(t-2)=1, so set f(¢) =[u(t —1) —u(t —2)Jt +u(t —2)¢".

Note that the Laplace transform of the translated unit step function is

—as

L{u(t - a)} = es

What is the Laplace transform of the function f(t) defined by

2 O0<t<?2
f()=|-1 2<t<3 ?
1 t>3

From above, f(t)=2-3u(t-2) + 2u(t-3).

Lif ()} = L2} =3L{ut = 2) b+ 2L{u( - 3)}
_2 3 2e

S S S

In general, if £(r) = {i((:)) Of "= then f(ty-g(t)-g(Du(t-ayth(ut-a)
2d

For the Laplace transform of the product of f(t-a) and the unit step function, u(t-a)

see the worksheet on translation theorems.
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Exercises: Write the following functions in terms of unit step functions. Then find

the Laplace transform of the function.

1 O0<t<?2 2 0s=i<5 2 0<t<l1
SI<

1. = . = S . =
70 {—1 £>2 2. JW=10 S<i<7 3. 1(0) {z+2 t>1

-2 t27

0 0£t<37” | _ |
4. f(= 5. f(t)= 6. f(t)=
Cost tZ—ﬁ a b 1
2
7. Find L{¢* + 5t -3)}
Answers:
1. f()=1-2u(t-2), l(1—2e-25)
S
2. f()=2-2u(t—5)-2ut-T7), (- —e™)
S
3. F) =12 —u(t—1)* +u(t—1)(t+2), %_26:4_36;4_4@“.
S S S S
3
4, f(t):u(t—3—ﬂ)C0st, 5 i .
2 s +1
1 e—as e—sb
5. f()=1-u(t—a)+u(t-b), ———+
N N N

1 e 27 1le™ 24e7*
6. f(O)=t—u(t-Dt+u(t-D)@r-1), ———. 7. —t—+ .

S S S S S
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