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Notes on The Laplace Transform 
 
 
Definition  (7.1) 
 
The Laplace transform is an integral transform which, if it converges, is defined as: 

 {f(t)}L  =  st

0
e f (t)dt

∞ −∫   =   F(s) 

The transform of a linear combination of functions is a linear combination of transforms, that is: 

 {f(t) +g(t)}L   =   F(s) + G(s) 
 
so the Laplace transform may exist for continuous piecewise functions.  
 
Basic functions 
 

{1}L   =  1
s

   n{t }L  =  n 1

n!
s +  at{e }L   =  1

s a−
 {sin kt}L   =  2 2

k
s k+

 

{cos kt}L  =  2 2

s
s k+

 {sinh kt}L  =  2 2

k
s k−

 {cosh kt}L  =  2 2

s
s k−

 

 
 
Inverse Transforms  (7.2.1) 
 
If  {f(t)}L  =  F(s), then  1{F(s)}−L  =  f(t).  The inverse Laplace is also a linear transform. 
 

1 1
s

−  
 
 

L   =  1   1
n+1

n!
s

−  
 
 

L  =  nt  1 1
s a

−  
 − 

L   =  ate  1
2 2

k
s + k

−  
 
 

L   =  sin kt 

1
2 2

s
s k

−  
 + 

L  =  cos kt 1
2 2

k
s k

−  
 − 

L  =  sinh kt 1
2 2

−  
 − 

s
s k

L  =  cosh kt 

 
 
Transforms of Derivatives  (7.2.2) 
 
  n{f (t)}L  =  n n 1 n 2 (n 1)s F(s) s f (0) s f '(0) ... f (0)− − −− − − −  
 
For example: '{f (t)}L  =  sF(s) – f(0) 

   ''{f (t)}L  =  2s F(s) – sf(0) – f '(0)  
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Transforms and inverse transforms can be used to solve a differential equation by first using 
transforms to create an algebraic equation in F(s) and then using the inverse transforms to solve 
for f(t). 
 
Examples 
 

1) Solve:   y' + 6y  =  3e4t  y(0)  =  2 

 { }4tdy 6 {y} = 3 e
dt

  + 
 

L L L  

 sY(s) – y(0) + 6Y(s)  =  
3

s 4−  

 Y(s)[s + 6] – 2  =  
3

s 4−  

 Y(s)   =   
3 2

(s 4)(s 6) s 6
+

− + +    =   
3 1 17 1

10 s 4 10 s 6
   +   − +   

 

  

 { }1 1 13 1 17 1Y(s)
10 s 4 10 s 6

− − −   = +   − +   
L L L  

 y(t)  =  4t 6t3 17e e
10 10

−+  

2) Solve:   y''  + 16y  =  et   y(0)  =  0 y'(0)  =  0 

 { }
2

t
2

d y 16 {y} = e
dt

 
+ 

 
L L L  

 s2Y(s) – sy(0) – y'(0) + 16Y(s)  =  1
s 1−

    

 Y(s)[s2 + 16]  =  
1

s 1−
 

 Y(s)  =  2

1
(s 1)(s 16)− +

 =  2 2

1 1 1 s 1 1
17 s 1 17 s 16 17 s 16

     − −     − + +     
 

 { }1 Y(s)−L   =  1 1 1
2 2

1 1 1 s 1 1
17 s 1 17 s 16 17 s 16

− − −     − −     − + +     
L L L  

 y(t)  =  t1 1 1e cos 4t sin 4t
17 17 68

− −  
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Operational Properties I  (7.3) 
 
Translation on the s-Axis  (7.3.1) 
 
If we know the Laplace transform of a function, then the transform of an exponential multiple of 
that function is a horizontal shift of the original transform on the s-axis. 
 
That is: If  { }f (t)L =  F(s),  then  { }ate f (t)L   =  F(s – a) 
 
and:  { }1 F(s a)− −L   =  ate f (t)  
 
Examples 
 

1) { }5te tL :   { }tL  =  2

1
s

     → { }5te tL =  2

1
(s 5)−

 

 

2) { }2te sin 4t−L : { }sin 4tL  =  2

4
s 16+

   →    { }2te sin 4t−L  =  2

4
(s 2) 16+ +

 

 

3) 1
3

1
(s 1)

−  
 + 

L : 1 1
3 3

1 1 2
s 2 s

− −   =   
   

L L  = 21 t
2

    →   1
3

1
(s 1)

−  
 + 

L  =  t 21 e t
2

−  

 

4) 1
2

1
s 2s 7

−  
 + + 

L   =  1
2

1
(s 1) 6

−  
 + + 

L : 

   1 1
2 2

1 1 6
s 6 (s 6)6

− −     =   + +    
L L    =  1 sin 6 t

6
 

  → 1
2

1
(s 1) 6

−  
 + + 

L   =  t1 e sin 6 t
6

−  

 
5) Solve:  y" – 2y' + y  =  t3et  y(0)  =  0 y'(0)  =  0 

 s2Y(s) – sy(0) – y'(0) – 2[sY(s) – y(0)] + Y(s)  =  4

3!
(s 1)−

 

 Y(s)[s2 – 2s + 1]  =  4

3!
(s 1)−

 

 Y(s)  =  6 6

3! 1 5!
(s 1) 20 (s 1)

=
− −

 → y(t)  =  1
20

t5et   

 

s 

F 
F(s) F(s-a) 

a 
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Translation on the t-Axis  (7.3.2) 
 
If a transform F(s) is multiplied by e-as, a > 0 , the inverse transform is the function f(t) translated 
along the t-axis and involves the unit step function U(t – a). 
 

{ }f (t a) (t a)− −L U  =  e-asF(s) where F(s)  =  { }f (t)L    

  Alternative form:    { }f (t) (t a)−UL   =   e-as { }f (t a)+L  
 

{ }1 ase F(s) f (t a) (t a)− − = − −L U  
 

The unit step function is: 
0, 0 t a

(t a)
1, t a

≤ <
− =  ≥

U  

and the piecewise function f (t a) (t a)− −U  is: 
0, 0 t a

f (t a) (t a)
f (t a), t a

≤ <
− − =  − ≥

U  

 The piecewise function:
   

g(t), 0 t a
f (t)

h(t), t a
≤ <

=  ≥
 

 
 can be written:      f(t)  =  g(t) – g(t) (t a)−U + h(t) (t a)−U  
 

The piecewise function:     
0, 0 t a

f (t) g(t), a t b
0, t b

≤ <
= ≤ <
 ≥

 

 
 can be written: f(t)  =  g(t)[ (t a)−U  - (t b)−U ] 
 
 
 Examples 
 

1) Rewrite using (t a)−U : 2

0, 0 t 2
f (t)

t , t 2
≤ <

=  ≥
  → 2t (t 2)−U  

 

2) Rewrite using (t a)−U : 
t, 0 t 1

f (t)
0, t 1

≤ <
=  ≥

  → t – t (t 1)−U  

3) Rewrite using (t a)−U : 
2

t, 0 t 3
0, 3 t 4f (t)
t , t 4

≤ <
 ≤ <= 
 ≥

  → 2t t (t 3) t (t 4)− − + −U U  

 

t 

f 
f(t) f (t a) (t a)− −U

 

a 
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3) Find  { }t (t 3)−L U  

 a)  Rewrite as:   { } { } { }(t 3 3) (t 3) (t 3) (t 3) 3 (t 3)− + − = − − + −L L LU U U  

    =  3s 3s 3s
2 2

1 3 1 3e e e
s s s s

− − −  + = +  
 

 b)  Alternative form:  { }t (t 3)−L U  =  { }3s 3s
2

1 3e t 3 e
s s

− −  + = +  
L  

4) Find  
3s

1
4

e
s

−
−  
 
 

L  

 1 3s
4

1e
s

− − 
 
 

L   =  f(t – 3) (t 3)−U  

  1
4

1
s

−  
 
 

L  = f(t)  =  31 t
6

   →    f(t – 3)  =  31 (t 3)
6

−  

 1 3s
4

1e
s

− − 
 
 

L   =  31 (t 3)
6

− (t 3)−U  

 

5) Solve:  y' + y  =  f(t) y(0)  =  0 
0, 0 t 2

f (t)
3, t 2

≤ <
=  ≥

 

 y' + y  =  3 (t 2)−U  { } 2s 13 (t 2) 3e
s

−  − =  
 

L U  

 sY(s) – y(0) + Y(s)  =  2s 13e
s

−  
 
 

 

 Y(s)[s + 1]  =  2s 13e
s

−  
 
 

 

 Y(s)  =  2s 2s 2s1 1 13e 3e 3e
s(s 1) s s 1

− − −     = −     + +    
  

        f(t)  =  1   f(t)  =  te−  
         f(t – 2)  =  (t 2)e− −  

  
 y(t)  =  3 (t 2)−U  – (t 2)3e (t 2)− − −U  
 
 
6) Solve:  y" + 4y  =  (cos t) (t 2 )− πU   y(0)  =  1 y'(0)  =  0 

 { } { } { }2 s 2 s(cos t) (t 2 ) e cos(t 2 ) e cos t− π − π− π = + π =L L LU  

 s2Y(s) – sy(0) – y'(0) + 4Y(s)  =  2 s
2

se
s 1

− π

+
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 Y(s)[s2 + 4]  =  s + 2 s
2

se
s 1

− π

+
 

 Y(s)  =  
( )( )

2 s
2 2 2

s se
s 4 s 1 s 4

− π+
+ + +

    =   
2 s

2 2 2

s e s s
s 4 3 s 1 s 4

− π  + − + + + 
 

 y(t)  =  cos2t + [ ]1 cos(t 2 ) cos(2t 2 ) (t 2 )
3

− π − − π − πU  

 y(t)  =  cos2t + [ ]1 cos t cos 2t (t 2 )
3

− − πU   

 
Operational Properties II  (7.4) 
 
Derivatives of a Transform  (7.4.1) 
 
If a function f(t) is multiplied by a power of t, the transform of the product will be a derivative of 
the transform of f(t): 

 { }
n

n n
n

dt f (t) ( 1) F(s)
ds

= −L  where F(s)  =  { }f (t)L  and  n = 1, 2, 3,… 

  
 
Examples 
 

1)  { }t sin 2tL  =  (-1) 2

d 2
ds s 4

 
 + 

  =  
( )22

4s

s 4+
 

2) { }2tte sin 3tL  =  (-1) 2

d 3
ds (s 2) 9

 
 − + 

  =  22

6(s 2)

(s 2) 9

−

 − + 
 

3) { }2t cosh tL   =  
( )

2 2
2

32 2 2

d s 2s(s 3)( 1)
ds s 1 s 1

+ − = −  −
 

4) Solve:  y' – y  =  tte sin 2t   y(0)  =  0 

 sY(s) – y(0)  – Y(s)  =  (-1) 2

d 2
ds (s 1) 4

 
 − + 

 

 Y(s)[s – 1]  =  22

4(s 1)

(s 1) 4

−

 − + 
 → Y(s)  =  22

4

(s 1) 4 − + 
 =  22

1 16
4 (s 1) 4 − + 

 

 y(t)  =  t1 e (sin 2t 2t cos 2t)
4

−   (from table, with translation on the s-axis) 
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Transforms of Integrals  (7.4.2) 
 
If functions f and g are piecewise continuous on [0, ∞), the convolution f * g is: 

  f * g  =  
t

0
f ( )g(t )dτ − τ τ∫   

 
The transform of the convolution is: 

  { } { } { }f *g f (t) g(t) F(s)G(s)= =L L L  

and: { }
t1

0
F(s)G(s) f ( )g(t )d− = τ − τ τ∫L  

 

If  g(t)  =  1, then  G(s)  =  1
s

, and:    { }t

0

F(s)f ( )d
s

τ τ =∫L    and 
t1

0

F(s) f ( )d
s

−   = τ τ 
  ∫L  

 
Examples 
 

1) { }t te *e cos tL  =  F(s)G(s)  =  2

1 s 1
s 1 (s 1) 1

 − 
  − − +  

  =   2

1
(s 1) 1

 
 − + 

 

 

2) { }t ( t )

0
e d−ττ τ∫L   =  { } { }tt eL L   =  2

1 1
s s 1

  
  −  

 

 

3) { }t

0
e dττ τ∫L     g(t)  =  1   G(s)  =  1

s
 

    f(t)  =  tte   F(s)  =  { }tteL  =  (-1) d 1
ds s 1
 
 − 

 =  
( )2

1
s 1−

 

 F(s)G(s)  =  1
s ( )2

1
s 1−

 

 

4)  1 1
s(s 1)

−  
 + 

L   G(s)  =  1
s

   g(t)  =  1 F(s)  =  1
s 1+

    f(t)  =  te−  

  =  
t

0
e d−τ τ∫   =  – te− + 1  

 

5) 1
2

1
s(s 2)

−  
 − 

L   G(s)  =  1
s

 g(t)  =  1      F(s)  =  2

1
(s 2)−

   f(t)  =  2tte  

  =  
t 2

0
e dττ τ∫   =   2t 2tt 1 1e e

2 4 4
− +  
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6) Solve:  y' + 4y + 
t

0
4 y( )dτ τ∫   =  1 y(0)  =  0 

 sY(s) – y(0) + 4Y(s) + 4 Y(s)
s

 =  1
s

 

 Y(s) 4s 4
s

 + +  
  =  1

s
 

 Y(s)  =  2

1
(s 2)+

 

 y(t)  =  2tte−  

 

 

Transform of a Periodic Function  (7.4.3) 

If f(t) is piecewise continuous on [0, ∞), of exponential order, and periodic with period T, then: 
 

 { }f (t)L  =  
T st

sT 0

1 e f (t)dt
1 e

−
−− ∫  

 
Example 

Find the transform of the given periodic function: 

For   0 ≤ t < 2   and  T  =  2: 
 

{ }f (t)L   =  
1 2st st

2s 0 1

1 te dt (2 t)e dt
1 e

− −
−

 + −  − ∫ ∫  

 = 
s s 2s

2s 2 2

1 1 e (s 1) e (s 1) e
1 e s s

− − −

−

 − + − +
+ −  

 

 = 
s 2

2 2s

(e 1)
s (1 e )

−

−

−
−

 

 = 
s 2

2 s s

(e 1)
s (1 e )(1 e )

−

− −

−
− +

 

 = 
s

2 s

1 e
s (1 e )

−

−

−
+

 

 = 
s

2 s

e 1
s (e 1)

−
+

 

      1       2        3        4 

1 

t 

 f(t) 


