Notes on The Laplace Transform

Definition (7.1)

The Laplace transform is an integral transform which, if it converges, is defined as:

()} = I: e f(t)dt = F(s)

The transform of a linear combination of functions is a linear combination of transforms, that is:
s{fO)+9(®} = F(s) +G(s)

so the Laplace transform may exist for continuous piecewise functions.

Basic functions

I
A= o e} = 1 U {sinkg) = %
S s—a s’ +k
S e k S
7K s {sinh kt} = e o {cosh kt} = e

{1} =

w |

~{coskt} =

Inverse Transforms (7.2.1)

If ~{f()} = F(s), then o *{F(s)} = f(t). The inverse Laplace is also a linear transform.

|
o ‘1{1} =1 o ‘1{ :'1} =t U ‘{L} = et U ‘1{ szz} = sinkt
S s s—a s

v -1{ . skz} = coskt -1{ . kk?} = sinhkt 1{%%} = cosh kt
ST+ S — S"—

Transforms of Derivatives (7.2.2)
sA{f" ()} = Ss"F(s)-s"f(0)—s"*f'(0)—...—F"(0)

For example: ~ {f (t)} = sF(s) - f(0)
S{F ()} = s*F(s)-sf(0) - f (0)
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Transforms and inverse transforms can be used to solve a differential equation by first using
transforms to create an algebraic equation in F(s) and then using the inverse transforms to solve

for f(t).
Examples
1) Solve: y +6y = 3™ y(0) = 2
dy a
U=+ b6V =37 e
{ dt} {y} {e"}

2)

3
sY(s) - y(0) +6Y(s) = g_a

3
Y)s+6]-2= g4

3,2 z@L}Q@L]
Y() = (s—4)s+6) s+6 - 10ls-4) 10ls+6

:/‘1{Y(s)}=i:/‘l L oal
10 s-4) 10 s+6

3 4 17 &
t) = —e" +—e
v 10 +1O
Solve: y" +16y = ¢ y(0) = 0 y'(©0) =0

d? ,
1% {FZ} +16 /{y} = ~ [e'}

s?Y(s) - sy(0) - y'(0) + 16Y(s) = S—il

1
Y©)s*+16] = 51

N 1 _ 1(1) 1( S j 1( 1 j
YO) = ————= Sl |~ SlT =
(s-1(2+16) 17(s-1) 17\s’+16) 17\s*+16

v%m»=i’ﬂi+‘i’ﬁzs}“l“{f }
17 s—-1 17 s°+16 17 s°+16

1 1 1 .
t) = —e' — —cos4t — —sin4t
v 17 17 68
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Operational Properties | (7.3)
Translation on the s-Axis (7.3.1)

If we know the Laplace transform of a function, then the transform of an exponential multiple of
that function is a horizontal shift of the original transform on the s-axis.

That is: If o {f(t)}= F(s), then {e"’“f(t)} = F(s-a) F
FO) | Fsa)
and: s HF(s—a)} = e"f(t)
' S
Examples :
; . _ 1 , _ 1
1) 4 {emt}. 7 {t} = 3_2 — % {emt}— W
2) v {e®sindt): {sin4t} = L L g {e?sinat| = 4
s*+16 (s+2)°+16

3) v 1 —t s ) - W YOS I —t = lew
(s+1) s 2s° 2 (s+1) 2

S°+25+7 (s+1)°+6

i/l{ L }: 1/1{ 16 } = isin\/gt

s +6 o6 o
- /{m} = %etsin\/gt
5) Solve: y" -2y +y = t% y(0) = 0 y'(0) = 0
SYE) = 5Y(0) ~Y(0) ~2YE) YO + ) = g
YOI 2511 =
O = Crcwey 0= 5
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Translation on the t-Axis (7.3.2)

If a transform F(s) is multiplied by e®, a > 0, the inverse transform is the function f(t) translated

along the t-axis and involves the unit step function (t — a).

vAf(t-a)u(t—a)} = e™F(s) where F(s) =~ {f(t)}
Alternative form: {f(t)u(t-a)} = ™ o {f(t+a)}

v HeF@)) = f(t-a)wu(t-a)

The unit step function is: U(t—a) = {

and the piecewise function f(t—a)ac(t—a) is:

t), 0<t
The piecewise function: f(t) = 90 <d
h(t), t>a
can be written: f(t) = g(t) —g(t)a(t—a)+ h(t)w(t—a)
0, O0<t<a
The piecewise function:  f(t) =4g(t), a<st<b
0, t>b

can be written:  f(t) = g(t)[(t—a) - w(t-b)]

Examples

0, 0<t<?2

1) Rewrite using 2% (t—a): f(t) =
) g u(t-2): f() {tz, s

t, 0<t<l
2) Rewrite using % (t—a): f(t) =
) g Alt-a): f(t) {Q (51
t, 0<t<3
3) Rewriteusing ac(t—a): f(t)=:0, 3<t<4
t?, t>4

0, 0<t<a
1, t>a

f(t—a)au(t—a) :{

f) f(t—a)(t —a)

0, O<t<a
f(t—a), t>a

t*(t—2)

t—tac(t—1)

t—t(t—3) + t*(t—4)
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3) Find  {tu(t-3)}

a) Rewriteas:  ~ {(t-3+3)%(t-3)} = ~ {(t-3)u(t-3)}+ ~ {3u(t—-3)}

1 1
- e—3s_2 + e—3s E — e—3s ‘:_2+§j|
S S S S

b) Alternative form: {t%(t—3)} = g {t+3} {iJﬁ}

-3s
4) Find ;/1{984}

% -1{e-3s 1} = f(t - 3)(t—3)

w

% {%} = f(t) = —t — f(t-3) = %(t—3)3
} —(t 3)° 9 (t—3)

1
lZa —3
7 1{ )

5) Solve: y' +y = f(t) y(0) = 0 f(t)—{o 0<t<2

3, t>2

y+y = 3%(t-2) S {BUt-2)) = 3¢ @
SY(s) - y(0) + Y(s) = 36 @

Y()s+1] = 36 @

Y(s) = 3e‘25( 1 j = 3 (Ej—ﬁ’;e_zs (i)
s(s+1) S s+1

f)=1  f(t) = e
f(t-2) = e

y(t) = 3A(t-2) - 3e “Pu(t-2)

6) Solve: y"+4y = (cost)U(t—2n) y(0) =1 y'(0) =0
7 {(cost)Uu(t—2m)} = e~ {cos(t+2m)} = e** ~ {cost}

Y (s) - sy(0) - y'(0) + 4Y(s) = e?*—>—
s°+1
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V)2 +4] = s+ e?
s“+1

YE) = S sem S o S +e_m{ s___s }
s +4 (sz+1)(sz+4) s?+4 3 |sP+1 s*+4

y(t) = cos2t + %[cos(t—Zn)—cos(2t—2n)]%(t—2n)

y(t) = cos2t + %[cost—cosZt]%(t—Zn)

Operational Properties Il (7.4)

Derivatives of a Transform (7.4.1)

If a function f(t) is multiplied by a power of t, the transform of the product will be a derivative of

the transform of f(t):

% {t”f(t)} = (<" ;Snn F(s)  whereF(s) = ~ {f(t)} and n=1,2,3,...
Examples
1) o {tsin2t} = (-1)%{522“& = ( 2454)2
s° +

2) v {te”sin3t} = (-1) d 3 _ _ 6(s-2)
\ ds| (s-2)'+9]  [(s-2)%+9]

(2 _ e @ s ] 25(s*+3)
3) « {t’cosht} = (1) dssz—J = 1)
4) Solve: y'—y = te'sin2t y(0) = 0
_n 92
sY(s) = y(0) —Y(s) = (-1) ds{(s—1)2+4}
vos-1= Sy s -2

[(s-17? +4]2 [(s-17? +4]2 (-1 +4]2

y(t) = %et (sin 2t — 2t cos 2t) (from table, with translation on the s-axis)
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Transforms of Integrals (7.4.2)

If functions f and g are piecewise continuous on [0, co), the convolution f * g is:
t
fxg = jof(t)g(t—t)dt

The transform of the convolution is:

vAf*g) = L{f()} 7 {a(t)} = F(S)G(s)

and:  ~ H{FE)G(E)} = [ f(Dg(t-7)dt

If g(t) = 1,then G(s) = %,and: v {j f(t)dt } @ and \/‘1{FS)} If(r)dr

Examples
D {e*e cost] = F5)G(s) = ((s ~1)? +1] i [ﬁj
2) 7 {J:te(t_” dr} = o (Siz)(—]

wn |

3) {Iotrerdr} a =1  GE

i) =t FE) = e }—(1)—(1j— : !

s-1 s—l)2
050 = L
y o]t GO =< gh=1 FO=— f@=e
~ [s(s+1) s+1

t—‘r —t
= joe dtr = -e ' +1

o1 1 _1 _ _ 1 _ it

5) {3(5_2)2} G(s) = gty =1 F(s) T f(t) = te
= jt e dr = leZt—lez‘+l
0 2 4 4
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6) Solve: y' +4y + 4j0t y(t)dt = 1 y(0) = 0

sY(s) — y(0) + 4Y(s) +4@ = %
Y(S) [s+4+£} = 1
S S
_ 1
YE) = (s+2)?
y(t) = te™

Transform of a Periodic Function (7.4.3)

If f(t) is piecewise continuous on [0, o), of exponential order, and periodic with period T, then:

1
1_ e—ST

S ) = ettt

Example
Find the transform of the given periodic function:

For 0<t<2 and T = 2:

f(t)

UM = ﬁ[ﬁte‘“dw LZ(Z—t)e‘s‘dt} Y

1 |[1-e°(+D) e’(s-1)+e™
+
1-e™® s s?

(e” -1’
S2 (1_ e—ZS)

(e*-1)°
s“(1-e)(1+e™)

1-e°
s*(1+e7)

e’ -1
s’(e® +1)

Department of Mathematics, Sinclair Community College, Dayton, OH Page 8 of 8



