LAPLACE TRANSFORMS - TRANSLATION THEOREMS

By definition the Laplace transform of f(t) is

1 n! 1
L} == Lt" (= Lie® j=——
-1 T
L{Sinkt }= K L{Sinhkt = K

s? +k? s? —k?
L{Coskt = T L{Coshkt | = T

These are obtained from the definition by integrating by parts. In each of these
transforms the expression in the bracket is f(t), and the result on the right side is
F(s).

If we seek the Laplace transform of e f(t) we find
Lie* f(t)}:_[ e f(t)dt = F(s—a)

This result is known as the First Translation Theorem, so called because

F(s-a) translates the graph of F(s) "a" units to the right. The notation for this is
Lie® f (t)}=L{f ()}, ... =F(S), ... =F(s—a), where s—>s-a

means s is replaced by s-a.

Example: Consider L{e*t®} Here,a=5and f(t)=t°. Then,
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6! e!
L{eStte}Z L{t6}‘s_>575 :S_7| 555 :W'

Example: Consider L{e‘t cosst}. Here, a = -1 and f(t) = cos3t. Then,

) 1
L{e ‘ C053t}= L{COSSt}I s—s+l :ﬁh—)sﬂ =(S+Slﬁ.

By taking the inverse of a Laplace Transform, that is, L™{F(s)}, we would get back

the original function, f(t). For example:

|
el el
S S S—a

k ) k )
L = Sinkt L = Sinhkt
{sz+k2} {sz—k"—}
L‘l{ - > 2}zCoskt L‘l{ - S }:Coshkt
s? + s? —
Example: Find L‘l{siﬁ}.

e
s 5l s¢] 5l 51

Example: Find L_l{zs—e}

s? -5
4 125—-6 _ 2s _ 6
R R e e
s° -5 s° -5 s° -5

=2L_l{szs—5}_%l'_l{sf5}

—2Cosh4/5t —£Sinh\/§t

NG

since Lig™ f (t)f=L{f ()], .= F(s)... .= F(s—a), taking inverses we get
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L {F(s—a)j=L"{F(s)}, . ,=e*f(t) Here s—a-—s means that

s—a Iisreplaced by s.

. k
Example: Find L' —-———1
{(S+ 2) + kz}

) L S =|_-1{ K 2} — e Sinkt
(S+2) +k2 s*+k 5+2-5S

i 1
Example: Find L™ .
%(5—3)“}

If f(t-a) is multiplied by the unit step function u(t-a), the transform is changed to

e ®F(s): if g(t) is multiplied by the unit step function u(t-a), the transform is

Changed to e ® L{g(t 4 a)} That iS, L {f( — a)u( _ a)}: g3 F(S)
L {g(th(t-a)i=e™Lig(t+a)|
This is known as the Second Translation Theorem.

Example: Evaluate L{(t —3)u(t —3)}
2!
)

Here  a=3 f(t)=1t*, F(s)=L{t }
2le

Then,L{( ) u(t - 3)}
Example: Evaluate L{t—3)’u(t-3)}

Here a=3g(t)=(t-3)*s0 g(t+3) =t
26_35
g3
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Then, L{( 3)" u(t- 3)} ’SSL{tZ}:



The inverse form of the Second Translation Theorem is

LHe™F(s)j=f(t—a)ut—a)

-2s
Example: Find Ll{ess }

1 % zltzwt_z zl(t—Z)2 so the answer is l(t—2)2u(t—2).
2 s 2 2 2

Exercises:
1. Lf*sin2t} 5. L{tt—2)%"u(t-2)}
2. Ltt-23) AR
{e( ) } 6. L {s(s+1)}
3. Lit-2u(t-2) 7Lle:s
. Lt-2ut-2) : 711
4. LE*'ut-3))
AnNswers:
2 3l 12 12 8
S 2. - n -
(s+3)°+4 (s-D* (s-1° (s-1)* (s-)
3 e—2$ 4 e—3s 5 6e—s
s? C s+l C(s-D*
6. u(t—1)—e “Dut-1) 7.(—Cost)u(t—%)
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