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LINEAR REGRESSION 
 

 

Simple Linear Regression 
 
Probabilistic models include both a deterministic element and a random error element – 
individual data values may fall around a regression model line in a random pattern and 
not always directly on the line. 
 
Straight line model:   y  =  β0 + β1x + ε β0  =  y-intercept of the line;   β1  =  slope 
      ε  =  random error 
 
 
For the data:          ŷ  =  -0.1 + 0.7x 

 
                                             
                                                              

 
 
 
The x-y scatterplot with a model fitted  
line looks like 
 
The y-intercept of the line is – 0.1 and  
The slope is 0.7. 
 

The model line predicts or estimates values of y;  predicted values are indicated by ŷ .  

The vertical distances from the actual data points to the line are the errors of prediction.  
For example, for an x value of 4, the model predicts a y value of  - 0.1 + 0.7(4)  =  2.7.  
The actual y value from the table is 2, and the error is (observed – predicted)  =  (2 – 2.7)  
=  - .7. 
 
The least squares regression line method minimizes the sum of the squares of the errors 
of prediction.  There may be many ways to get the sum of the errors to equal zero, since 
there are both positive and negative errors, but there is only one line that minimizes the 
sum of the squares of the errors. 
 
In the least squares line:  a)  the sum of the errors (SE) is zero;  b)  the sum of squared 

errors (SSE) is less than any other straight-line model.  The point ( x, y ) is always on the 

least squares line. 
 
Formulas 
 

Slope  1β̂   =  
xy

xx

SS

SS
  y-intercept 0 1

ˆ ˆy xβ = −β    =   
i i

1
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n n
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Estimates of y should only be made over the observed range of x – the model may not be 
accurate outside of that range.  Note that the equation predicting y from x cannot be used 
to predict x from y.  A new regression line must be calculated for that. 
 
Estimated standard error 

 
The variance σ2 of the random error ε produces errors in the model parameters and the 

prediction value ŷ .  Deviations from predicted values are also called residuals. 

 

The sum of squares of the deviations (errors)   SSE  =  SSyy  -  1β̂  SSxy   =   2

i
ˆ(y y)−∑  

SSyy  =   
( )2

n
i2

i

i 1

y
y

n=

−
∑∑  =  2

i(y y)−∑  

 

s2  =   
SSE

n 2−
   =   Mean Square for Error (MSE)  

 

s  =  2s   =  estimated standard error (SE) of the regression model ŷ  values 

 
Since ε is assumed to be normally distributed, 95% of observed y values will lie within 2s 
of their predicted values. 
 
The slope β1 

 

The slope tells us how many units the y variable is expected to change for one unit of 
change in the x variable.  If the x and y values are unrelated, then the slope of the 
regression line would be zero – changes in x would be useless in predicting changes in y.  

We can estimate the standard deviation of 1β̂  by: 

 
1

ˆ

xx

s
s

SS
β
=      =   the estimated standard error of 1β̂  

 
To test the hypothesis that β1 = 0, use a t-test with n-2 degrees of freedom. 
 
  H0:  β1 = 0   
 
  Hα:  β1 > 0 or β1 < 0        or        β1  ≠  0 
 
Rejection region:    t  >  tα   or t  <  - tα       or       | t |  >  tα/2 
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  Test t  =  

1

1

ˆ

ˆ

s
β

β
 

 
The alternative hypotheses depend on the nature of the proposed relationship between x 
and y.  A positive linear relationship means the slope is positive (> 0);  y would increase 
as x increases.  A negative linear relationship means the slope is negative (< 0);  y would 
decrease as x increases.  For β1  ≠  0, the direction of the slope of the line is not 
necessarily important, just that it is not zero (that is, some kind of relationship exists). 
 
The p-value (observed significance level) given in software output is the two-tailed  
p-value.  If doing a one-tail test, divide this p-value by 2 to get the one-tail p-value, but 
only if the test t is appropriate (> 0 or < 0) for the tail of the alternative hypothesis. 
 
Otherwise: if  Hα is that  β1 > 0  and  t < 0, then  p  =  1 – p/2 
  if  Hα is that  β1 < 0  and  t > 0, then  p  =  1 – p/2 
 

The confidence interval for  β1 is: 1β̂   ±  tα/2 
1

ˆs
β

 

The endpoint values for this interval are also listed on computer printouts. 
 
 
The correlation coefficient r 

 
The correlation coefficient r measures the strength of the linear relationship between x 
and y .  It is positive if the slope is positive and negative if the slope is negative, but 
ranges only from  –1 (perfect negative relationship) to +1 (perfect positive relationship).  
An r value near 0 indicates little or no linear relationship, but there could be a strong 
nonlinear relationship.  Also, a high correlation does not mean there’s a causal 
relationship. 

 

sample   r  =  
xy

xx yy

SS

SS SS
  (ρ  =  population correlation coefficient) 

 
 
 

Coefficient of determination r
2
  

 
The coefficient of determination r2 is the proportion of the total sample variability around 

y  that is explained by the linear relationship;  it ranges from 0 to 1.   

 

An r2 of .70 means that 70% of the variability of y about the mean y  is explained by the 

linear relationship between y and x;  or, the total variability of y about their predicted 

values is reduced by 70% by using the model ŷ  to predict y instead of the mean. 
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It can be computed by squaring the correlation coefficient r, or by the following: 
 

r2    =    

2 2

yy i i

2

yy i

ˆSS SSE (y y) (y y)

SS (y y)

− − − −
=

−
∑ ∑

∑
   =   

2

2

ˆ(y y)

(y y)

−

−
∑
∑

  

 

       =  
explained variation

total variation
 

 
SSyy  is the sum of the squared deviations about the mean, while SSE is the sum of the 

squared deviations about the ŷ  values predicted by the regression equation.  If there were 

no difference in these sums, then the regression line would be the same as the horizontal 
mean line, the numerator would equal zero, and r2 would be 0. 
 

The test t statistic can also be computed using r and r2:   t  =  
2

r n 2

1 r

−

−
 

 

Estimation and prediction 

 
The derived least squares line is an estimation of the true mean y values for particular 
values of x.  The equation for the true mean E(y) is:  y = β0 + β1x (without the ‘hats’).  
The regression equation can be used to estimate a mean y value for a particular x or used 
to predict a new y value for a particular x.  The values are the same, but the errors are 
different. 
 

An estimation of the mean value of y involves the error ŷ  - E(y).   A prediction of a y 

value includes two errors – the error of estimating the mean and the random error ε.  
Confidence intervals are around E(y) estimations;  prediction intervals are around 
predicted values.  The prediction interval is always wider than the confidence interval. 
 

Confidence interval  around ŷ  as the mean value of y for an x at a certain point (xp): 

      ŷ  ±  

2

p

/ 2

xx

(x x)1
t s

n SS
α

−
+    

 

Prediction interval  around ŷ  as the predicted new value of y for xp: 

 

      ŷ  ±  

2

p

/ 2

xx

(x x)1
t s 1

n SS
α

−
+ +  

 
s = standard error from the computer program     
tα/2 is based on (n – 2) degrees of freedom 
 
These intervals are not straight lines paralleling the least squares line – the widths depend 
on xp.  The errors of both estimation and prediction will be smallest when xp = x   
(xp - x  = 0), and get bigger as you move away from the mean.
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Multiple Linear Regression 
 
Multiple regression models involve several independent variables to estimate or predict one 
dependent variable.  Although the independent variables can be higher order terms (like x2) or 
qualitative terms, the linear regression model includes only quantitative, first-order terms. 
 
The general model for k number of predictors is: 
 
 y  =  β0 + β1x1 + β2x2 + … + βkxk + ε 
 
βi is the slope of the line relating y to xi when all other x’s are held constant. 
 

The method of least squares is used to produce the model ŷ   =  0β̂ + 1β̂ x1 + .. + kβ̂ xk  

that minimizes the  sum of squares of errors  SSE  =  2ˆ(y y)−∑ . 

 
Since producing the model may involve solving a large system of simultaneous linear equations, 
computer programs will be used. 
 
The real estate example in the text looks at the influence of three factors on the sales price of a 
house and yields scatter plots of: 
 
  x1           x2      x3   
 
 
      
 
 
 
 
 
 

 
 
 
 

with a regression equation of:    ŷ  =  1470 + .8145x1 + .8204x2 + 13.53x3 

 
The β coefficients mean: 
 

• A $1 increase in x1 →  $.8145 increase in y when x2 & x3 are held constant    

• A $1 increase in x2 →  $.8204 increase in y when x1 & x3 are held constant 

• A 1 sq ft increase in x3 →  $13.53 increase in y when x1 & x2 are held constant 
 

In general, 0β̂  has no practical interpretation, unless it makes sense to set all the predictors equal 

to zero.
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The variance of the random error ε is estimated by:   
n = number of observations of the y variable 

s2  =  
SSE

n #of parameters− β
   =   

2

i i
ˆ(y y )

n (k 1)

−

− +
∑

 k = number of independent (x) variables 

       k + 1 = number of β parameters 
 

       ŷ   =  y value predicted by the model 

 
s2  =  the mean square for error (MSE) 
 
SSE is found under Residual SS in the printout;  MSE is under Residual MS. 
 
Confidence intervals can be constructed for each β separately by: 
 

 
i

ˆi / 2
ˆ t sα β
β ±  where tα/2 is based on degrees of freedom n – (k + 1) 

   
i

ˆs
β

is listed as “standard error” in the Excel table 

 
Tests on β 

 
To test the hypothesis that an individual βi = 0, use a t-test with n – (k+1) degrees of freedom. 
 
  H0:  βi = 0   
 
  Hα:  βi > 0 or βi < 0        or        βi  ≠  0 
 
Rejection region:    t  >  tα   or t  <  - tα       or       | t |  >  tα/2 
 

  Test t  =  

i

i

ˆ

ˆ

s
β

β
 

 
If you reject the null hypothesis, then you can conclude that the independent variable y does have 
a linear relationship to xi when the other x values are held constant. 
 
If you do not reject the null, then either:  1)  there is no relationship or the relationship is non-
linear;  or 2)  a Type II error has occurred.  So, the test is really testing for evidence of a linear 
relationship to individual x variables. 
 
 
Multiple coefficient of determination 

 

Conducting a series of t tests on each β parameter is a risky way of deciding which independent 
variables to keep and which to discard (concerning predictive value).  For example, a set of t 
tests on 10 β’s, all of which are about zero, will result in a Type I error in at least one of the tests 
about 40% of the time.   
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The multiple coefficient of determination R2 has the same formula as for single linear regression: 
 

R2    =    
yy

yy

SS SSE

SS

−
 =   

2

2

ˆ(y y)

(y y)

−

−
∑
∑

   =   
explained variation

total variation
 

 
R2 is a measure of how well the model fits the data, that is, how useful the model is, as long as 
the sample contains substantially more data points than the number of β parameters. 
 

The adjusted multiple coefficient of determination 2

aR adjusts for sample size n and number of 

β parameters and is always smaller (more conservative) than R2. 
 

 2

aR   =   1 – 
( )

yy

n 1 SSE

n (k 1) SS

 − 
    − +   

   =     
( ) ( )2
n 1

1 1 R
n (k 1)

− 
− − − + 

 

 
 
The global F-test 
 
Judging the global usefulness, or overall significance, of the model is done using the following 
hypotheses: 
 
 H0:  β1  =  β2  =  β3  =  …  =  βk  =  0 
 Hα:  At least one β ≠ 0 
 

The test F-statistic is:  F  =  
( )

[ ]

2
yy

2

SS SSE / k R / k

SSE / n (k 1) (1 R ) /[n (k 1)]

−
=

− + − − +
   

=  
Mean Square, Regression

Mean Square, Residual (Error)
 

 
Fα is determined using k degrees of freedom in the numerator and n-(k+1) in the denominator. 
 
In Excel, the p-value (observed significance) of the global F-test is listed as “Significance F”. 
 
Rejecting the null means that the model is statistically useful, not that it’s the best model in terms 
of prediction and reliability.  If the null is rejected, you can do t-tests on β parameters of the most 
interest to test for individual significance. 
 
 
Confidence intervals for y 

 

PHStat in Excel calculates confidence (estimation) intervals and prediction intervals around ŷ  in 

an interactive worksheet that asks for values for the independent variables.  As in simple linear 
regression, the prediction interval is always wider than the estimation interval.
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