13.3 Population Growth and Radioactive Decay

Assume #of birthsper year =bx p, #of deathsper year =d x p where bisthe annual
birth rate and d isthe annual death rate and pisthe population.

Thenet increasein population = #of hirths— #of deaths=bx p-dxp=(b—-d)xp=rxp
where r =b - d isthe growth rate per year.

If p, =initial population
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Malthusian Population Growth
If the population isinitialy p,, then after m years the population will be

p,, = (+r)" b, where r isthe growth rate per year.

Example: If the population of asmall town is 2,000 and if it grows at arate of 3%
each year, then what is the approximate population in 10 years? 500
years?

Here p=2,000andr =3% =.03and m=10 so

p,, = (1+.03)"° (2000 = (1.03)"° (2000 = (1.3439) 2000 = 2687.8 = 2,700
Similarly,
Psyo = (1+.03)°® 2000 = (1.03)*™ 2000 = (2621877) 2000 = 5,243,754,468 = 5.2 hillion

Note that the predicted population after 500 yearsisvery unredlistic. The Malthusian
population model isvalid only if the population growth remains constant. Over alarge
period of time that assumption is often not realistic.

If Qisthefinal population and Pistheinitial population then
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Example: Suppose an initial population of 2,000 grows to 2,500 over 15 years.
What isthe growth rate? What is the predicted population 25 years after
the population was 2,000?
1
BQ—B 125 " -1=1.015-1=.015=1.5%
00
p,s = 2,0000fL+.015)” = 2901.9 = 2,900

Radioactive Decay
If aradioactive substance has an annual decay rate of d and if thereisinitialy A, units

of the substance present, then after myears there will be (1— d)m CA, units present.

Definition: The half-life of a substance is the time after which half of the substanceis
present.

After ahalf-life of h years,
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Now if you plugin d :1—%@ into A, =(1-d)" A, you will get
v BT E B B

In summary, there are two formulas you can use to find the amount of substance
remaining after myears.

A, =(1-d)" A, which works well if you know the decay rate

A, = %Q CA, which works well if you know the half life



Example: Suppose the half-life of a radioactive substance is 8.5 years. What isthe
annual decay rate? If you have 100 gramsin 1995, how muchisleftin
2025?

1
d=1- % @'5 =1-(5)"™ =1-.9217 = .0783=7.8%

To find the amount remaining in 2025, you can use either formula.
Hereh =8.5 m=230, A, =100, so

30

A, = %gs [100 = (5)°%* 100 =.0866 100 = 8.7 grams

or
A,, = (1-.0783) 1100 = (.9217)* (100 = .0866 100 = 8.7 grams

Carbon Dating
“C produced by cosmic radiation (via neutrons) enters aliving object via CO, and at

death the amount of *C is at its maximum and decays according to:
A = %g [A, where misthe age of the substance, h =5,600yrsisthe haf-life of **C
and A, isthe amount of **C present at death. So the % of *C present m years after
death is A- E g
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L ogistic Population Model
The maximum population size the environment can support is called the carrying
capacity c.

P =(1+r)p, - élﬂ Qﬁpi where mis the number of breeding seasonsand r isthe
c

natural growth rate (assuming avery large container), and cisthe carrying capacity. The
above equation is caled the logistic law, or logistic equation. Unlike the previous
equations the logistic equation isiterative. Y ou have to calculate one breeding season at
atime until you work your way up to the season you are interested in.



Example: Suppose a population is governed by the logistic law with ¢ =2,000and

r =2.7. If theinitial population size is 1,000 find the population after 3
breeding seasons.

P, =1,000

p, = (1+2.7)[1,000- 27 Hr 0002 = 3,700~ 1,850 = 1850
12,000
p, = (1+2.7)[1,850 - 27 Hn 8502 = 6,845- 6332 =513
12,000
p, = (1+2.7) 13- H+ 27 Hy32 =1 898 486 = 1,412
12,000

Stable Population under the Logistic Law
If a population has a natural growth rate of r and the environment has a carrying

capacity of c, then the stable population sizeis % . Once a population reaches the
r

stable population size it will remain fixed.

Example: For the problem above r =2.7,c = 2,000 so the stable population sizeis
2.7x2,000

=1459
1+2.7 1

The notes above are for Math 108, Math for the Modern World using
Mathematicsin Life, Society and the World 2™ edition by Parks, Musser, Burton, and
Sebler. Prentice Hall 2000.



